Moduli space of quotients

Proposition:

3-21. Let (1\7 ,gf) be a simply connected Riemannian manifold, and suppose I
and I, are countable subgroups of Iso (M , §) acting smoothly, freely, and
properly on M (when endowed with the discrete topology). For i = 1,2, let
M; = M/T;, and let g; be the Riemannian metric on M; that makes the
quotient map m; : M — M, a Riemannian covering (see Prop. 2.32). Prove
that the Riemannian manifolds (M1, g1) and (M2, g>) are isometric if and
only if I'y and I’ are conjugate subgroups of Iso (M, g).

< Definition. Teichmuller space
Let X be simply connected, 7y be the fundamental group of a covering quotient of X.
Then the space of all discrete faithful representations of 71 in Isom(X, g) is

DF (71, Isom(X,g)) := {p: m1 — Isom(X, g)|im p is discrete}
C HomGrpTop(7y,Isom(X, g))

Then isometry group Isom(X, g) acts on it by conjugation

DF(m1,Isom(X,g)) v+ Isom(X, g)
p LN hph 1

Then

Teich (7, Isom(X, g)) := DF(Wl’Isom(X’g))/Isom(X,g)

is the Teichmuller space for 7; in Isom(X, g).

This is the space of all marked quotients 7, \X, as in with a specified representation

m1 — Isom(X, g)
(but it could be possible that some im p do not act freely?)

However, we could have composed with an automorphism & of 1 (X)

@ P
m = m — Isom(X, g)

which may be a different element in the Teichmuller space but by the proposition

X X

p(m)\" = pod(m)\

so corresponds to an isomorphic quotient.

Thus
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< Definition. Moduli space

The action

AutGrp(my) ~ DF(m,Isom(X,g))/ Isom(X,g)

has the quotient space

DF(mq Isom(X g))
Moduli(7y, Isom(X, g)) := AutGrp(m) Llsom(%8)) / rom(x g)
called the moduli space of all quotients of X with fundamental group 7; (along with some

other points?).
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