
Locally compact Hausdorff spaces

A Hausdorff space is locally compact if every point has a open

neighborhood whose closure is compact.

[0, ∞]-measures and positive functions on Cc

A locally finite positive Borel measure μ on X gives a functional

Thus functional is positive in the sense that if f(X) ⊂ (0, 1) then (Λf)(X) ⊂ (0, 1)

locFinMes(BX, [0, ∞]) → Cc(X)∗>0

.

Λ : Cc(X) → k

Λ(f) := ∫
(X,μ)

f
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The converse of this statement is true for a much regular class of measures!

(Riesz representation of positive functionals on Cc) Let X be locally compact

Hausdorff space and Λ be a positive linear functional on Cc(X). Then there exists

a σ-algebra MΛ in X which contains all Borel sets BX in X and there exists a

unique positive measure

μ : MΛ → [0, ∞]

such that Λ(f) = ∫
X

fdμ for every f ∈ Cc(X), we have

and if E ∈ MΛ, A ⊆ E, μ(E) = 0 then A ∈ MΛ.

Thus

Cc(X, R)∗>0 ≅Set RieszMes(BX, [0, ∞])

Borel C-measures

(Riesz representation for Borel C-measures) Let X be a locally compact Hausdorff

space. Then every bounded linear functional

φ : C0(X) → C

is represented by a unique regular complex Borel measure μ, that is,

∀f ∈ C0(X), φ(f) = ∫
X

fdμ

Moreover, the norm of φ is the total variation of μ

∥φ∥ = |μ|(X)

C0(X, C)★ ≅BanC
(regMes(BX, C), | |(X))

Borel [0, 1]-measures

We have continuous maps

evf : C0(X, C)★ → C

compact K ⊆ X ⟹ μ(K) < ∞

E ∈ MΛ ⟹ μ(E) = inf {μ(V )|E ⊆ V , V  open  ⊆ X}

⟹ μ(E) = sup {μ(K)|K ⊆ E, K cpt  ⊆ X}
⎧
⎨⎩

E open
 or 
E ∈ MΛ, μ(E) < ∞
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so the subset of positive functionals

C0(X, C)★>0 := ⋂
f≥0

ev−1
f

[0, ∞]

is an intersection of closed sets, so it is closed.

C0(X, C)★>0 ≅regMeas(BX, [0, ∞))

1. math.uchicago.edu/~may/REU2023/REUPapers/Espejo.pdf#page=9.37↩︎

https://math.uchicago.edu/~may/REU2023/REUPapers/Espejo.pdf#page=9.37

	Locally compact Hausdorff spaces
	-measures and positive functions on 
	Borel -measures
	Borel -measures


