
Discontinuous group actions on topological spaces

Stably discontinuous actions on topological spaces

Finitely discontinuous actions on topological spaces

Warning

coHausdorff actions

discontinuosly coHausdorff actions on topological spaces

Let G be a group. An action by homeomorphisms G → Homeo(Y ) on a topological space Y

is stably discontinuous if every point y ∈ Y  has a neighborhood Uy such that

{g ∈ im G|Uy ∩ g(Uy) ≠ ∅} = (im G)y

Let G be a group. An action by homeomorphisms G → Homeo(Y ) on a topological space Y

is finitely discontinuous if every point y ∈ Y  has a neighborhood Uy such that U ∩ g(U) is

nonempty for only finitely many g ∈ im G, that is,

|{g ∈ im G|Uy ∩ g(Uy) ≠ ∅}| < ∞

finitely discontinuous ⟹

action of im G has finite stabilizers

orbits are disjoint

stably discontinuous and im G finite stabilizers ⟹  finitely discontinuous.

Stably, or finitely discontinuous actions might not be free!

Let G be a group. An action by homeomorphisms G → Homeo(Y ) on a topological space Y

is discontinuosly coHausdorff if it satisfies any of

for each x1, x2 ∈ X there exists respective nb U1, U2 ⊆ X such that for every γ ∈ Γ

γ(U1) ∩ U2 ≠ ∅ ⟺ γ(x1) = x2

stably discontinuous and

coHausdorff actions
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for actions on Hausdorff spaces

Let G be a group and

G → Homeo(Y )

be an action by homeomorphisms on a topological space Y . The action is called

coHausdorff if it satisfies either of

Γ\X is Hausdorff

if p, q ∈ X are not in same Γ-orbit then there exists neighborhoods Vp of p

and Vq of q such that

∀g ∈ Γ, g(Vp) ∩ Vq = ∅

Let Y  be Hausdorff and

G ≤ Homeo(Y )

be a faithful, finitely discontinuous action.

This means for all y ∈ Y  there is a nb Uy such that

{g ∈ G|Uy ∩ g(Uy) ≠ ∅}

=:Ky

< ∞

where Gy ⊆ Ky ∣∣
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By

for every y, k ∈ Ky ∖ Gy we have Uk, Vk ⊆ Y  such that

T2 topological space or Hausdorff space

A topological space (X, T) is said to be T2 or Hausdorff if we can "house off"

every pair of points using disjoint open sets

∀x, y ∈ X∃U , V ∈ T

st x ∈ U , y ∈ V

and U ∩ V = ∅

y ∈ Uk, k(y) ∈ Vk

Uk ∩ Vk = ∅

Consider

W := Uy ∩ ⋂
k∈Ky∖Gy

Uk ∩ k−1(Vk)



Let G be a group. An action by homeomorphisms G → Homeo(Y ) on a

Hausdorff topological space Y  is finitely discontinuous ⟺  im G has finite

stabilizers and the action is stably discontinuous. Moreover, we can take the

evenly covered set Uy for any y ∈ Y  to be (im G)y-stable.

Then for k1 ∈ Ky

W ⊆ Uk

and W := Uy ∩ ⋂
k∈Ky∖Gy

Uk ∩ k−1(Vk)

k1(W) = k1(Uy) ∩ ⋂
k∈Ky∖Gy

k1(Uk) ∩ k1k
−1(Vk)

⟹ k1(W) ⊆ Vk1

So for k ∈ Ky ∖ Gy

k(W) ⊆ Vk, W ⊆ Uk, Vk ∩ Uk = ∅ ⟹ k(W) ∩ W = ∅

Now, even for g ∈ G ∖ Ky we have

W ⊆ U , g(W) ⊆ gU ⟹ g(W) ∩ W = ∅

Thus

{k ∈ Gy|k(W) ∩ W ≠ ∅} = Gy

To get a Gy-stable subset we can consider the set

⋂
g∈Gy

gW

stably discontinuous and im G finite stabilizers ⟹  finitely discontinuous.

Let Y  be Hausdorff and

G ≤ Homeo(Y )

be a faithful, finitely discontinuous action.

​ This means for all y ∈ Y  there is a nb Uy such that

{g ∈ G|Uy ∩ g(Uy) ≠ ∅}

=:Ky

< ∞

where Gy ⊆ Ky ∣∣



By

for every y, k ∈ Ky ∖ Gy we have Uk, Vk ⊆ Y  such that

T2 topological space or Hausdorff space

A topological space (X, T) is said to be T2 or Hausdorff if we

can "house off" every pair of points using disjoint open sets

∀x, y ∈ X∃U , V ∈ T

st x ∈ U , y ∈ V

and U ∩ V = ∅

y ∈ Uk, k(y) ∈ Vk

Uk ∩ Vk = ∅

Consider

W := Uy ∩ ⋂
k∈Ky∖Gy

Uk ∩ k−1(Vk)



for continuous group actions, finitely discontinuous ⟹

group is discrete

Then for k1 ∈ Ky

W ⊆ Uk

and W := Uy ∩ ⋂
k∈Ky∖Gy

Uk ∩ k−1(Vk)

k1(W) = k1(Uy) ∩ ⋂
k∈Ky∖Gy

k1(Uk) ∩ k1k
−1(Vk)

⟹ k1(W) ⊆ Vk1

So for k ∈ Ky ∖ Gy

k(W) ⊆ Vk, W ⊆ Uk, Vk ∩ Uk = ∅ ⟹ k(W) ∩ W = ∅

Now, even for g ∈ G ∖ Ky we have

W ⊆ U , g(W) ⊆ gU ⟹ g(W) ∩ W = ∅

Thus

{k ∈ Gy|k(W) ∩ W ≠ ∅} = Gy

Let

G ↷ Y

be a continuous group action which is discontinuous, and let

gi iG

be a sequence in G converging to identity.

i→∞
−→

Then

gi(p) p

by finitely discontinuous property, for i ≫ 1

gi(p) ∈ Up ⟹ gi ∈ Kp

finite

i→∞
−→



Thus

gi = iG

for i ≫ 1.
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proper actions of a discrete group

Let Y  be locally compact Hausdorff space and a topological group G acts on it

continuously

θ : G ↷ Y

The action is finitely discontinuous and coHausdorff ⟺  for each p, q ∈ Y  there

exists nb Up, Uq such that

|{g ∈ G|θg(Uq) ∩ Up}| < ∞

⟺  G is discrete and the action is proper

[1]

Let

π2 × θ : G × Y → Y × Y

be proper and G be discrete.

Then choose a cnb Ky of y. Then

is compact.

(π2 × θ)−1(Ky × Ky) = {(g, x)|x ∈ Ky, gx ∈ Ky}

π1(π2 × θ)−1(Ky × Ky) = g ∈ G ∃x ∈ Ky : gx ∈ Ky

⎧⎪⎨⎪⎩ ∣⟺ g−1Ky∩Ky≠∅

⟺ Ky∩gKy≠∅

⎫⎪⎬⎪⎭Thus

|{g ∈ G|Ky ∩ gKy ≠ ∅}| < ∞

So an onb Uy ⊆ Ky of y satisfies

|{g ∈ G|Uy ∩ gUy ≠ ∅}| < |{g ∈ G|Ky ∩ gKy ≠ ∅}| < ∞

Thus the action θ is finitely discontinuous.
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Let K ⊆ Y  be compact and suppose

GK

is infinite.

For each g ∈ GK there is a p ∈ K such that g(p) ∈ K, choosing one such point p

define a map

F : GK → K × K

g ↦ (p, g(p))

If F(GK) is finite, then there exists (p, x) such that

{g ∈ GK|x = g(p)}

is infinite. This is a contradiction to finite stabilizers, so F(GK) is infinite and has a

limit point (x0, y0) ∈ K × K.

As F(GK) ⊆ θ × π2(G × X) which is closed, we have (x0, y0) ∈ θ × π2(G × X), so

there exists g0 ∈ G such that

x0 = g0(y0)

Let U be an evenly covered nb of y0 and set V = g0U which is a nb of x0. This means

{g ∈ G|g0U ∩ gU ≠ ∅}

is finite.

As (x0, y0) is a limit point in F(GK), the nb V × U must contain infinitely many

points of F(GK).

But for each such g ∈ GK with

F(g) = (p, g(p)) ∈ V × U

we have

g(p) ∈ V ∩ gU = g0U ∩ gU

as in

V × U ∩ F(GK)

infinite

⊆ {g ∈ G|g0U ∩ gU ≠ ∅}

 finite

which is a contradiction.

 

Thus GK is finite for all compact K.
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