
Interpretation of measure preserving endomorphisms

X x ∈ X

B ⊆ X x ∈ B

χB χB(x) check(x ∈ B) ∈ {0, 1}

μ μ(B) μ(B) = μ−P(x ∈ B)

 is the size of B with respect 

to μ is the probability of 

randomly picking a point x in 

B

T : X → X

 that is μ-invariant

μ(T −1(A)) = μ(A)

 the size of all points going 

into A after one iteration is 

same as the size of A

μ−P(x ∈ B) = μ−P(Tx ∈ B)

 probability of picking x 

which is in B after an 

iteration = probability of 

picked x in B

f : X → R
observable

Measure

preserving

endomorp

Let (X, M, μ) be a

[0, ∞]-measure space

and

T : X → X

be a measurable map.

Then T  preserves the

measure μ that is μ is

a T -invariant

measure or T  is μ-

preserving

transformation if

A ∈ A ⟹ μ(T −1(A))

af://h1-1


UT (f) := f ∘ T : X → R

X
(n)
T := f ∘ T n : X → R

 a stochastic process?

∫
X

f
μ−E(f)

 expectation value

μ(B) = ∫
X

χBdμ
μ(B) = μ−E(check(− ∈ B))

χB ∘ T k χB ∘ T k(x) check(T k(x) ∈ B) ∈ {0, 1}

returns(B) := {x ∈ B|∃n > 0 :

μ(B) > 0 ⟹ returns(B) ≠ ∅

 or 

returns(B) = ∅ ⟹ μ(B) = 0

Hence we conclude

μ(A) > 0 ⟹ {T −n(A)

which is ⟺  there

exists

n, m ∈ N, n > m

x ∈ T −n(A) ∩ T −m(A) ⟹

that is there exists

points in A return

back to A.



returns(B ∖ returns(B)) = ∅
Consider the set

A ⊂ B of points that

do not return to B

A := {x ∈ B ∣ ∀n > 0 : T

, so this means points

of A do not return to

A either. If T −n(A)

are not pairwise

disjoint for all n ∈ N

then there exists

n, m ∈ N, n > m

x ∈ T −n(A) ∩ T −m(A) ⟹

meaning the point

T n(x) in A returns to

A, which contradicts

the definition of A.

Thus T −n(A) are all

disjoint.

(weak form of

Poincare

recurrence)

Let (X,A, μ)

be a

probability

space and

T : X → X be

a μ-preserving

transformation

and B ⊆ X

such that

μ(B) > 0.

Then the set

of points in B

that never

returns to B

has measure

zero.

μ(B) > 0

⟹ μ(B ∖ returns(B)) = 0



(infinite

Poincare

recurrence)

Let (X,A, μ)

be a

probability

space and

T : X → X be

a μ-preserving

transformation

and B ⊆ X

such that

μ(B) > 0.

Then the set

of points in B

that returns to

B only finitely

many times

has measure

zero.

Now consider

the set of

points in B

that do not

return to B

infinitely

many times

that is

A∞ := {x ∈ B ∣

​ If we

consider

the sets

for

k ≥ 1,

A := {x ∈

Ak := {x ∈

We see

⟺ T k(x



so

Ak = T −k(A

for all

k ≥ 1.

If

x ∈ A∞

there

must be

a largest

integer k

such

that

T k(x) ∈ B

so

x ∈ Ak.

Convers

ely, if

x ∈ B ∩ Ak

, we

know

T n(x) ∉ B

for all

n > k

meaning

x ∈ A∞.

Thus

A∞ = B ∩
k

implying

⟹ μ(A∞

And we

have

already

proven

{Ak ∣ k ∈ N



are all

disjoint
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Let (X,A, μ)

be a

probability

space and

T : X → X

be a μ-

preserving

transformatio

n. For a

measurable

subset A ⊆ X

, consider the

subsets

A, T −1(A), T −2(

which are all

measurable

subsets of X.

​ As

T −n(A) ⊆ X

we have

⟹ μ(⋃
n∈

But as

μ(A) = μ(T

, if

T −n(A)

are all

disjoint



sets we

have

μ(X) ≥ ∑
n≥0

Hence

we

conclude

μ(A) > 0 ⟹

which is

⟺

there

exists

n, m ∈ N, n

x ∈ T −n(A)

that is

there

exists

points in

A return

back to

A.

The

contrapo

sitive of

the

above

stateme

nt is

{T −n(A) ∣ n

Thus we can

conclude by

the previous

argument

μ(Ak) = 0 ⟹

app://obsidian.md/sett.measure.meas%20positive%20end.recurr#^i0bc2o
app://obsidian.md/sett.measure.meas%20positive%20end.recurr#^i0bc2o
app://obsidian.md/sett.measure.meas%20positive%20end.recurr#^i0bc2o


ergodic

strongly mixing
μ−P(x ∈ A&T nx ∈ B) → μ(A)μ

Ergodic

endomorp

A μ-preserving

transformation

T : X → X on a

measure space

(X,A, μ) is called μ-

ergodic if

A ∈ A, T −1(A) = A ⟹

Strongly

mixing

endomorp

A μ-preserving

transformation

T : X → X on a

probability space

(X,A, μ) is called

strongly mixing if

A, B ∈ A ⟹ μ(A ∩ T
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