Isometric action on a metric space

< Definition. Distance on the quotient space of isometric action on a metric space

Let (X,dx) is a metric space and I' < Isom(X) be a group acting by isometries on X. Then
the quotient space

X — I\\X
has the distance

dr: F\X X F\X — [0,00]
dr(I'{z},I' {y}) := inf {d(yz,7y)|z,y € X}

Proposition:

< Definition. Distance on the quotient space of isometric action on a metric
space

Let (X,dx) is a metric space and I < Isom(X) be a group acting by isometries on X.
Then the quotient space

X — ]_'\\X
has the distance

dr : F\X o F\X — [0, 00]
dr(I'{z},I' {y}) := inf {d(yz,7y)|z,y € X}

is a metric <= each T'-orbit of X is a closed set.

In this case, the dr-topology agrees with the quotient topology: for each z € X,r > 0 we have

IBY(z) = B (T {z})

fundamental domains

< Definition. Fundamental domain of an isometric action

Let (X,dx) is a metric space. A closed subset F' C X is a (closed) fundamental domain for
I' < Isom(X) if

¢ X=U,gp1F) = F— F\X is surjective

° {fy(F)"y € I‘} is a pairwise disjoint collection of open sets <= F < P\X is injective



af://h1-1
af://h2-2

Proposition: A fundamental domain exists = orbits are discrete.

< Definition. Locally finite fundamental domains

Let (X,dx) is a metric space. A (closed) fundamental domain F' C X for I’ < Isom(X) is
locally finite if {y(F)|y € T'} is a locally finite collection of closed sets.

& Let (X,dy) is a metric space and F' be a fundamental domain for I' < Isom(X).

Consider the commutative diagram

Frr = X/p

The continuous bijection ¢ is a homeomorphism <= F'is a locally finite

fundamental domain.

Let F' be a locally finite fundamental domain.
¢ Let U C F/F be open. As 7’ is continuous 7'~1(U) C F is open which means there is a

open V C X such that
W U)=FnV

® Consider

W= JyFnV)
yel
— (W) =n(FNV)
=1r'(FNV)
= (V)

o | 2 Intuition
We must show W is open (= (W) is open as 7 is open = ¢ is an open map

= 1 is a homeomorphism). However

= 7 oty on
\/\'f, ‘F/F

open

L’ =

F

/I‘
open

is therefore open. Hence, we must check open-ness on the boundary OF

¢ Let yw € W be arbitrary where w € FNV. As F is locally finite, there is a r; > 0 such
that B,(w) for r > 71 intersects only finitely many v(F), say, y1(F),...,Ym(F), so we

have



r>ry = By(w) Sy (F)U---Uyny(F)

If v;(F') does not contain w then

Br(w)\ 3 (F)

closed

— ——

open

is a onb of w that does not intersect v;(F). Therefore there is a ball at w inside
B (w) \ 7i(F).
By shrinking 71 to a smaller 72 > 0 we have

r>ry = B,(w) C U v: (F)

wev;(F)
Now
= {(w) €F
=, w) e FNV  as7'(y;'(w)) =7'(w) e 7' (FNV)
= wey(FNV)
"w
F



As

U Yi(V)
wer,(F)

open

is open, there is a ball near w inside it.

Y2(F)

Thus, by shrinking 7o still further to 73 > 0 we may assume

r>ry = B,(w) C U v:(V)
wey;(F)

Therefore,

r>ry = B.(w)C U (V) N U Yi(F)

wey;(F) wey; (F)
c U 7(V N F)
wey;(F)
cCw

so W is open.

Let F' is not locally finite, that is, there is a w € F' such that

Ve > 0, |{y € T|Bc(w) NYF # 0}| = oo

Fe(w)




71 (F)

v2(F)

Then
€ {¥ €T|Bo(w) NyF £ 0} \ {1, Yo 1}
o | 2 Intuition
We must show ¢ is not closed.
® Thus
n—oo
Yo Wy, ——w EF
€F
and for K := {w,} but
n—oo
T(Yowy,) = m(wy,) —— 7(w) € 7(K)
(K)
e

So m(K) is not closed.

¢ Choose
1
ri= s d(@,T {y}\ {z}) > 0
® As 7, are all distinct and = = v, 'w for ,, € T, which is finite. Thus
d(w, 7y, 'w) > 2r

¢ Thus By(z) N K is finite so there is an open ball at z avoiding K, thus K is closed.

° Now



thus 7'(K) is closed.
However
7 (K) s w(K)

N———’

closed not closed
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