Quasi-isometries between metric spaces

< Definition. Quasi-isometries between metric spaces

Let (X,dx) and (Y,dy) be metric spaces. A map
f:X—-Y

® is a (¢, b)-quasi-isometric embedding if there are constants ¢,b > 0 such that Vzi,z2 € X

%dx(fﬂl,fﬂz) — b <dy(f(z1), f(z2)) < cdx(z1,22) + b

® is finite distance from f': X > Y if

Je>0:Vz € X,dy(f(z),f'(z)) <c

¢ has a quasi-inverse g: Y — X if go f has finite distance from Idx and f o g has finite
distance from Idy
® is a quasi-isometry if it is a quasi-isometric embedding with a quasi-inverse g: Y — X

which is also a quasi-isometry

In general, quasi-isometries are

® not injective

® not surjective

¢ not continuous

® are not at a finite distance from an isometry

® not dimension preserving

< Definition. Category of metric spaces and quasi-isometric embeddings

Let Metpeq be the category

¢ whose objects are metric spaces
¢ morphisms are quasi-isometric embeddings

¢ composition of morphisms are given by composition of maps

< Definition. Category of metric spaces and quasi-isometric embeddings upto finite
distance

Let Metq be the category

¢ whose objects are metric spaces



af://h1-1

® morphisms are quasi-isometric embeddings upto finite distance

{X — Y quasi-isometric embedding}

HomMetq :=
Q finite distance

¢ composition of two morphisms is the equivalence class of the composition of maps

HomMetq(Z,Y) x HomMetq(X,Y) — HomMetq(X, Z)
(lg], [F]) = lg o 7]

Proposition: Let (X,dx) and (Y, dy) are metric spaces and f: X — Y be a map. Then fis a
quasi-isometry <=

® f is quasi-isometric embedding

® f has quasi-dense image:

de>0:VyeYIz €Y :dy(f(z),y) <c
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