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We understand

by definition.
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Given a matrix in SL(2,R), it has eigenvalues
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If the discriminant

If tr2 — 4 < 0 then
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which has complex norm 1, thus it is a unit complex number, A € U(1).
If tr2 —4 > 0, then A € R.

350+ (1,2, R)


af://h1-1
af://h2-2
af://h2-3

Let A € {—1,1} then

tr:/\—i—; € {-2,2,0}

which contradicts tr2 > 4.
Thus A e R\ {-1,1,0}.

Therefore, we have the following cases:

type
tr2 — 4
| tr]

eigenvalues A\, A\ 7!

Jordan block in
GL(2,C)

elements in SL(2,R)
upto conjugacy

SL(2,R) ~ R2

elliptic
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AeU@1)\ {-1,1}

tr \/—1‘,1‘2
MAT =+
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conjugate to rotation
matrices

RY € SO(2,R)

elliptic fixed point at 0

SL(2,R) ~ P(R?) =: R fixes no line in R?

SL(2,R) ~ RH?

fixes one point <—
conjugate to stabilizer
of 4 which is SO(2,R)

exponential map of SL(2,R)
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conjugate to
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fort e R

parabolic fixed point
at 0

fixes exactly one line
in R? <= fixes

1
exactly [0]

fixes exactly one point
in ORA" <—
conjugate to a
transformation only
fixing co <—
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hyperbolic

>0

> 2
AeR\{-1,1,0}

tr tr2 —
MA = — &+
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forz e R, e = A\

as it has two distinct
real eigenvalues so it
is conjugate to

[

hyperbolic fixed point
at 0

fixes exactly two lines
in R2

fixes exactly two
points in ORH" <~—
conjugate to
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det eigenvalues type Jordan block exponential trace of

exponential
A1, A2 = £/ —
det <0 —z,z € R\ {0} hyperbolic B e’ +e*>0
—x 0 e 0
54 54
det = boli 2
e 0 0 parabolic 0 0l fo 1171 ol 1L ¢
0 o[’l0 o] [0 1|’|0 1
det > 0 eigenvalues elliptic ) 0 i 2cos(z) > —2
iz, iz € iR {_”’ , } [e 0]
0 iz 0 e
Hence,

tr(exp(s((2,R))) > —2

So for example

& Example

The matrix

{_2 1] € SL(2,R)

2
is not in the image of the exponential s((2,R) — SL(2,R).

Let there exists A € gl(2,R) with eigenvalues a, 8 such that
—2
exp(4) = 1

Then

1
e* = —2,eﬁ =5

which implies a, 8 € C \ R but because A is a real 2x2 matrix it's eigenvalues must be roots of
a quadratic polynomial so

a=8 = |e¥ = ‘eﬁ|
as |exp(z)| = €™*). But the absolute values do not match 2 # 1. Thus there is no such
A € gl(2,R) either.

generators generating a diffeomorphism
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R xR x St — SL(2,R)

(z,t,0) — B ﬂ {et

is a diffeomorphism.

[2]
(1a Oa 0) = I2
(1,077‘-) = _IZ
If we define
1
X = 0
o
Y. 0 1]
0 0
R._ [0 -1
1o
such that
(X,Y]=2Y
[X,R] = —2R —4Y
Y,R| =X

so it is not looking that good, but we have

exp(tX) = {et et}

0 1
exp(6R) = R’

exp(tY) = {1 t}
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