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Continuous group action on a topological space

e

<« Definition. Continuous group action on a topological space

A continuous (left) group action ® on a topological space X by a topological group G is

a group action

( N\

<« Definition. Group action on a set

d:G~S

Given a group (G, *) and a set S. Then the function

P:.GxS—S
(g,p) — ®(p)

is called a (left) group action ® : G ~ S if

. peS = ®'(p)=p

where i is the identity element of G

. h,ge G, Pe S = 3"(®%(p)) = &"(p)

- J

such that the map

P:.GxX—-X

is continuous.

o Each ®9 is continuous as the restriction
{g} x X=X

. . . . -1 .
is continuous. It has a continuous inverse ®9 , hence each ®9 are homeomorphisms.

« Equivalently it is a group homomorphism
G — Homeo(X)

such that the map G x X — X is continuous.
* orbit space
« discrete group acts by homeomorphisms <= continuous action by the discrete group
« action by S C Homeo(X)
- types of actions by arbitrary G
« faithful
- actions by type of G
o discrete
» compact

« locally compact

orbit space

-~

<Y Definition. Orbit space and projection of a continuous group action

Given a continuous group action G ~ X we produce the orbit space and projection map 7

Q<

GrX5

X X

G rcX,0eG < z~gz

with the quotient topology and quotient projection

X
X = —
" G
x — [z]
................. ; gz
[ ] [ ) [ ] [ ] [ ] [ ]

« The map 7 is obviously G-invariant as

gz — |gz] = [z]
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« The preimage of projection of U C X is the obit of U under G

(V) = | gU

geG

In general quotient maps are not open or closed, but this formula shows group quotient maps

are open:

& In
-
< Definition. Orbit space and projection of a continuous group action

Given a continuous group action G ~ X we produce the orbit space and projection

map T

GhXDl

Q>

X X

G z2€X,geCG < z~gzx

with the quotient topology and quotient projection

| J

T is a open map.

For a open U C X by
« The preimage of projection of U C X is the obit of U under G

' (x(U)) = |J U

geqG

7 1(w(U)) is union of gU which are open as g are homeomorphisms.

As 7 1(n(U)) is open iff 7(U) is open, 7 is open.
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