
Exponential sum of a discrete subgroup of Isom(RHH n)

Let Γ ≤ Isom(RHHn) be a discrete subgroup.

Intuition

We are interested in the rate at which orbit tends to Sn−1.

Any two orbits Γ(a), Γ(b) are comparable: As

Proposition:

dRHHn(o,x) = log( 1 + |x|

1 − |x|
)

dRHHn(o, γ(b)) ≤ dRHHn(o, γ(a)) + dRHHn(a, b)

⟹ log(
1 + |γ(b)|

1 − |γ(b)|
) ≤ log(

1 + |γ(a)|

1 − |γ(a)|
) + dRHHn(a, b)

⟹
1 − |γ(a)|

1 − |γ(b)|
≤ 2edRHHn(a,b)

A good measure of rate of convergence of γ(a) Sn−1 is

for α > 0. This convergence is independent of a by above.

γ∈Γ
−→

α ↦ ∑
γ∈Γ

(1 − |γ(a)|)α

However, it is more natural to consider

α ↦ ∑
γ∈Γ

exp(−αdRHHn(o, γ(o)))

and because

exp(−αdRHHn(o, γ(o))) = (
1 − |γ(o)|

1 + |γ(o)|
)

α

≤ (1 − |γ(o)|)α

the two series convergence or diverge together for fixed α > 0.
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Proposition:

Let α > n − 1,x ∈ X. Then

∑
γ∈Γ

exp(−αdRHHn(x, γ(x))) < ∞

Let o ∈ RHHn be fixed. We consider the partial sum

∑
γ∈Γ,dRHHn(x,γ(x))<R

exp(−αdRHHn(o, γ(o)))

= ∫
(0,R)

exp(−αt)dN(t, o, o)

= N(R, o, o)e−αR + α∫
t∈(0,R)

N(t, o, o)e−αtdt

Let Γ ≤ Isom(RHHn) be a discrete subgroup.

Consider the partial sum

and by

Let o ∈ RHHn be fixed. We consider the partial sum

∑
γ∈Γ,dRHHn(x,γ(x))<R

exp(−αdRHHn(o, γ(o)))

= ∫
(0,R)

exp(−αt)dN(t, o, o)

= N(R, o, o)e−αR + α∫
t∈(0,R)

N(t, o, o)e−αtdt

Let y ∈ RHH n. Then there is a AΓ,y > 0 such that

∀x ∈ RHH n, N(r, x, y) ≤ AΓ,ye
r(n−1)

Let

Γ ≤ O
+(1,n)(R) ≅Isom(RHHn) ↷ RHHn

be a discrete subgroup.

Let ϵ > 0 be small enough so that

{γ(Δϵ(y))|γ ∈ Γ}

do not overlap unless γ ∈ Γy



Critical exponent of discrete subgroup

we have

by proper

​ Then by the volume of balls

we have

μRHH n(Bs(o)) = mSn−1(Sn−1) ∫
t∈(0,s)

(sinh t)n−1dt

≤
mSn−1(Sn−1)

2n−1
∫

t∈(0,s)

e(n−1)tdt

≤
mSn−1(Sn−1)

2n−1
( e(n−1)s

(n − 1)
− 1)

⨆
γ∈Γ:γ(y)∈Br(x)

γ(Δϵ(y)) ⊂ Δr+ϵ(x)

μRHHn(Δϵ)N(r,x, y) ≤ μRHHn(Δr+ϵ(x))

N(r,x, y) ≤
μRHHn(Δr+ϵ)

μRHHn(Δϵ)

= ( e(n−1)(r+ϵ)

(n − 1)
− 1)

α > n − 1 ⟹ ∫
t∈(0,R)

AΓ,oe
t(n−1)−αtdt

=AΓ,o
1

n − 1 − α
(eR(n−1−α) − 1)

< ∞
R→∞

−→

Let Γ ≤ Isom(RHHn) be a discrete subgroup.



Proposition:

If Γ has finite covolume, then

∑
γ∈Γ

exp(−αd(x, γ(x)))

diverges for α = n − 1, so δΓ = n − 1.

δΓ := inf {α ∑
γ∈Γ

exp(−αρ(x, γ(x))) < ∞}

∈ [0,n − 1]∣Let Γ ≤ Isom(RHHn) be a discrete subgroup.

Consider the partial sum

Now by

we have

Let o ∈ RHHn be fixed. We consider the partial sum

∑
γ∈Γ,dRHHn(x,γ(x))<R

exp(−αdRHHn(o, γ(o)))

= ∫
(0,R)

exp(−αt)dN(t, o, o)

= N(R, o, o)e−αR + α∫
t∈(0,R)

N(t, o, o)e−αtdt

Thus for r > 0

N(r + r0, o, y0) ≥ A′e(n−1)r

∑
γ∈Γ

exp(−(n − 1)d(x, γ(x))) ≥ N(R, o, o)e(n−1)R

+ (n − 1)A′ ∫
t∈(0,R)

dt

≥ N(R, o, o)e(n−1)R + (n − 1)A′R

∞

e(n−1)te−(n−1)t
1

R→∞
−→
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