
Counting orbits of discrete subgroups of O+(1, n)(R)

in RHH n

We know

Γ ↷ RHHn

is a proper action so

which means the orbit map

gives a bijection

So counting orbit points is same as counting:

Orbit counting function

Let

Γ ≤ O
+(1,n)(R) ≅Isom(RHHn) ↷ RHHn

be a discrete subgroup.

Γ → RHHn

γ ↦ γ(y)

Γ/Γx
≅Γ Γ {y}

γ ↦ γ(y)

Let x, y ∈ RHHn and r > 0. Then

is the orbit counter that counts how many points of Γ {y} is in the ball Br(x).

Let

Γ ≤ O
+(1,n)(R) ≅Isom(RHHn) ↷ RHHn

be a discrete subgroup.

N(r,x, y) := γ ∈ Γ d(x, γ(y)) < r

⟺ γ(y)∈Br(x)∣⎧⎪⎨⎪⎩ ∣⎫⎪⎬⎪⎭∣Let γ0 ∈ Γ.
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the orbit count is bounded above by the exponential in r

Let y ∈ RHH n. Then there is a AΓ,y > 0 such that

∀x ∈ RHH n, N(r, x, y) ≤ AΓ,ye
r(n−1)

Then

N(r,x, y) = N(r,x, γ0y)

There is a r > 0 small enough such that

N(r,x, y) = {1
|Γx|

Let

Γ ≤ O
+(1,n)(R) ≅Isom(RHHn) ↷ RHHn

be a discrete subgroup.

Let ϵ > 0 be small enough so that

{γ(Δϵ(y))|γ ∈ Γ}

do not overlap unless γ ∈ Γy

by proper

Then by the volume of balls

μRHH n(Bs(o)) = mSn−1(Sn−1) ∫
t∈(0,s)

(sinh t)n−1dt

≤
mSn−1(Sn−1)

2n−1
∫

t∈(0,s)

e(n−1)tdt

≤
mSn−1(Sn−1)

2n−1
( e(n−1)s

(n − 1)
− 1)
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for lattices, the orbit count is bounded below by

exponential in r eventually

we have

⨆
γ∈Γ:γ(y)∈Br(x)

γ(Δϵ(y)) ⊂ Δr+ϵ(x)

μRHHn(Δϵ)N(r,x, y) ≤ μRHHn(Δr+ϵ(x))

N(r,x, y) ≤
μRHHn(Δr+ϵ)

μRHHn(Δϵ)

= ( e(n−1)(r+ϵ)

(n − 1)
− 1)

Let Γ be a discrete subgroup of finite covolume, o ∈ RHHn be such that Γo = {Id} and let D

be the interior of the Dirichlet domain DΓ,o, so

D := int(DΓ,0)

D(r) := Br(o) ∩ D

Then

for some r0 > 0.

Br(o) = Br(o) ∩ ΓD

= Br(o) ∩ Γ(D ⊔ ∂D)

= Br(o) ∩ Γ(D(r0) ⊔ (D ∖ D(r0)) ⊔ ∂D)

–

Thus

μ(Br) = μ(Br ∩ ΓD(r0)) + μ(Br ∩ Γ(D ∖ D(r0)))

+ μ(Br ∩ Γ(∂D))
0
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Br ∩ ΓD(r0) = Br ∩(⨆
γ∈Γ

γ(D(r0)))

⊆ ⨆
γ∈Γ,d(γ(y),o)<r+2r0

γ(D(r0))

For any y0 ∈ D(r0) we have

μ(D(r0))N(r + r0, o, y0) = μ ⨆
γ∈Γ,d(γ(y),o)<r+2r0

γ(D(r0))

≥ μ (Br ∩ ΓD(r0))

= μ(Br)

=A1 ∫t∈(0,r)(sinh t)n−1dt

− μ(Br ∩ Γ(D ∖ D(r0)))

=N(r,o,y)μ(D∖D(r0))

⎛
⎝

⎞
⎠

 

Thus for r > 0

N(r + r0, o, y0) ≥ A′e(n−1)r
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