Counting orbits of discrete subgroups of O (1,n)(R)
in RH"

Let

I'< 0"(1,n)(R) = Isom(RH") ~ RH"

be a discrete subgroup.

We know
I ~RH"
is a proper action so
which means the orbit map
I' = RH"
7= (y)

gives a bijection

F/Fw =r I' {y}
v = (y)

So counting orbit points is same as counting:

<¥ Definition. Orbit counting function

Let

' < 0'(1,n)(R) = Isom(RH") ~ RH"

be a discrete subgroup.

Let z,y €« RH™ and r > 0. Then

N(r,z,y) := | vy € T|d(z,(y)) <r
N— ——

> 1(y)€B:(z)

is the orbit counter that counts how many points of I {y} is in the ball B,(z).

® Letyel.
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® Then
N(r,z,y) = N(r,z,vy)
® Thereis a r > 0 small enough such that

1
N(r,x,y) = {'Fw|

the orbit count is bounded above by the exponential in r

Let

I < 0"(1,n)(R) = Isom(RH") ~ RH"

be a discrete subgroup.

Let y € RH". Then there is a Ary > 0 such that

Ve € RH",N(r,z,y) < AnyeT("_l)

Let € > 0 be small enough so that

{7(Ad(y))ly €T}

do not overlap unless v € Iy

A, (z)
([
I' =< ~\ .
I’ \\
! \
' oYy ®
' [
\ | x
N\ o °
T A(y)
by proper
® Then by the volume of balls
=
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we have

|_| 'Y(Ae(y)) - AH—E("E)

el (y)EB,()
prE(AJN(r,2,y) < prE(Arie(T))
NRH"(AT-&-E)
prE(A)

e(n=1)(r+e) .
~(%mn )

for lattices, the orbit count is bounded below by
exponential in r eventually

N(r,z,y) <

Let T" be a discrete subgroup of finite covolume, o € RH™ be such that I', = {ld} and let D
be the interior of the Dirichlet domain Dr,, so

D .= il’lt(Dr,O)
D(r) :== B,(o)ND

® Then

B,(0) = B,(o)NT'D
= B,(o) NT(D U 8D)
= By(0) NT'(D(ro) U (D \ D(ro)) L OD)

for some ry > 0.
® Thus

u(B,) = (B, NTD(ry)) + u(B,NT(D\ D(ry)))

+ (B, OPOD))
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B,NT'D(rg) = B,.N <|_| ’Y(D(TO))>

vel

C |_| v(D(ro))
’YGF»d(V(y)vo)<T+2To

® For any yo € D(ry) we have

#(D(r))N(r + 10,0, 30) = p ( ’Y(D(TO))>

~vel,d(y(y),0)<r+2ro
> u (B, NTD(rg))

:UJ(BT) - N(Br N F(D \ D(TO)))
N - ~ 7
=A1 [, (o (sinh t)" 1t =N(r,0,y)u(D\D(r0))

® Thus forr >0

N(’T’ =+ 70, 0, yO) 2 Ale(nil)r
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