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Ad”" orbits are symplectic manifolds

-

<« Definition. Symplectic structure on coadjoint orbits of Lie groups

Let

*

QCyg
be a coadjoint orbit Ad* : G ~ g* of a Lie group G. Let F € Q.

- By definition Q0 is a transitive (left) G-space with stabilizer stabilizer of F' being Adg
(a closed subgroup).

» Thus the surjective smooth map

G—Q
g+— Ady(F)

with descends to bijection

G

— = Q
Adg

giving a smooth structure on the orbit {2 making it a smooth immersed manifold in g*.

We construct a anti-symmetric bilinear map
g g
: X —R
Lie(Adg r)  Lie(Adg r)
(X,Y) = F([X,Y])

wr

Proposition:

o The bilinear map

) g g
Fe Lie(stabg(F)) % Lie(stabg(F)) e
(X,Y)— F([X,Y])

defines a Ad*-invariant symplectic form on the orbit Q C g.

« The coadjoint action G ~ €2 is Hamiltonian with moment map
L:Q—g*
Thus

Ad": G~ (Qw) Cg”

is a homogeneous Hamiltonian G-manifold.
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Lie group coadjoint orbits
SO(3,R), SU(2,C) {0}, S*
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