
Homogeneous and isotropic Riemannian manifolds

Proposition: Let (M, g) be a Riemannian manifold such that for each p ∈ M for any

Xp, Yp ∈ TpM, there exists an isometry f : (M, g) → (M, g) such that

Dpf(Xp) = Yp

Then (M, g) is homogeneous and isotropic.
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Let p, q ∈ M with a minimizing geodesic arc

γ : [0, 2a] → M

connecting p, q (not necessarily unique). Then consider the velocity at γ(a)

γ ′(a)

​ By assumption, there is an isometry f : (M, g) → (M, g) that maps

γ ′(a) ↦ −γ ′(a)

Then

f(q) = f(expγ(a)(γ ′(a)))

= expγ(a)(Daf(γ ′(a)))

= expγ(a)(−γ ′(1))

= p

Thus, (M, g) is homogeneous.

(Killing-Hopf) Let (M, g) be a complete, simply connected Riemannian n ≥ 2-

manifold with constant sectional curvature. Then M is isometric to one of

R
n, (S n, Rg), (RH n, Rg)
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Let M be a connected Riemannian manifold. Then Isom(M) acts transitively on

equidistant pairs of distinct points

⟺

M Riemannian manifold which is isotropic at all points

⟺

M is isometric to Rn or a symmetric space of rank 1

⟺

M is isometric to one of

upto a constant scaling.
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