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SL(2)(R) ~ R?

< Definition. SL(2)(R) ~ R?

The Lie group SL(2)(IR) acts smoothly on R? by matrix multiplication, with a fixed point
0 € R2.

« symplectic, that is, area preserving action
SL(2,R) ~ R?
Consider

SL(2,R) ~ R?
-G =X

There are two orbits

{0}
and
R*\ {0}
(disjoint of course).
By orbit-stabilizer theorem
R?\ {0} = %

where stabilizer is the subgroup

S [ et

SL(2,R)-maps

(®) Question
Find all G-invariant maps

¢ : R*> — R?
that is

Vg € G,z € R?, ¢(gz) = g¢(z)

Because G-orbits will go to G-orbits under such a map we conclude
¢(0) =0

But if we choose where one point of a orbit will go, then we know where the other elements

will go

99(z) = ¢(gz)
—~ =

known unkown

But to know
we observe

means

U C stabg(o <(1)))

So we must look at the orbit structure of U ~ R? to know what point does it stabilizes:

o Jeu=1 96 -0)+=()

v/ ﬂOW v

The dynamics is "tame".
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So

wcanio() = o) -0
o st () = () <o (§) = () -

Thus, every G-invariant map ¢ : R? — R? is a scaling

o(z) = ax

Then

by some a € R, which is invertible if a € R*.

/ Exercise

Ng(H)
H

G
A — | =
utGSet < )

For our case H =U

and

“u R
SL(2,7Z)-maps
We may ask
() Question
Find all Borel maps
R? — R?

that commutes with T" := SL(2,7Z) defined upto Lebesgue measure-zero sets.

whose answer is

B Every Borel measurable SL(2,7Z)-map R? — R? is essentially a scaling upto Lebesgue
measure-zero sets.

But what is special about I'? The fact that it is a "/attice" in G that is:
Proposition: T' < G is discrete and the space

GWF

has a G-invariant probability measure.

The subgroup

A= {F )\_1} |)\€RX} < G = SL(2,R)

which acts by [ 1] along with the flow

ool o] )leesy

[\/ﬂowofA VJ

This dynamics is "tame" as in the orbits are "locally closed".

"Tame dynamics" "Wild dynamics"
action by U, A above on R? irrational torus rotations
G
' —
U
G
U Y ?

There are no SL(2, R)-invariant metric on R?

& Every continuous

d:R?* x R? = [0, 00)

d(z,y) = d(y,z)
d(z,z) =0

satisfying triangle inequality which is SL(2, R)-invariant, that is,
g € SL(2,R) = d(gz,9y) = d(z,y)
is trivial, as in d = 0.
Fix € > 0.

1
. e restriction y—) ¢ — |0, 00) is continuous so preimage of (0, €
Th d 0 R? 0 f (0

contains a standard ball say B..



af://h3-4
https://anvaka.github.io/fieldplay/?cx=-0.46804999999999986&cy=-0.16805000000000003&w=6.8967&h=6.8967&dt=0.01&fo=0.998&dp=0.009&cm=1&vf=%2F%2F%20p.x%20and%20p.y%20are%20current%20coordinates%0A%2F%2F%20v.x%20and%20v.y%20is%20a%20velocity%20at%20point%20p%0Avec2%20get_velocity%28vec2%20p%29%20%7B%0A%20%20vec2%20v%20%3D%20vec2%280.%2C%200.%29%3B%0A%0A%20%20%2F%2F%20change%20this%20to%20get%20a%20new%20vector%20field%0A%20%20v.x%20%3D%20p.x%3B%0A%20%20v.y%20%3D%20-p.y%3B%0A%0A%20%20return%20v%3B%0A%7D&code=%2F%2F%20p.x%20and%20p.y%20are%20current%20coordinates%0A%2F%2F%20v.x%20and%20v.y%20is%20a%20velocity%20at%20point%20p%0Avec2%20get_velocity%28vec2%20p%29%20%7B%0A%20%20vec2%20v%20%3D%20vec2%280.%2C%200.%29%3B%0A%0A%20%20%2F%2F%20change%20this%20to%20get%20a%20new%20vector%20field%0A%20%20v.x%20%3D%20p.x%3B%0A%20%20v.y%20%3D%20-p.x%3B%0A%0A%20%20return%20v%3B%0A%7D
af://h3-5

1
« Because U fixes <0>

for any p € B..

1
» Thus the d( <0> , —)-preimage of (0, €) actually contains a horizontal strip
Ue :=R x (—¢,¢€).

« Now pick z,y € R? and flow them along A so that they both reach the U,, so

gx € U,

« By triangle-inequality

d(z, C))) = d(gz, g <;>) < d(gz, <(1)>) +d(g <3> (é)) < 2

+ By triangle-inequality

dle) < da, (o)) + o (o)) = e

d(z,y) < 4e

for all e > 0. Thus d = 0.

Action of U on G/T" is ergodic

Corollary of

& Every continuous

d:R? x R? = [0, 00)
d(z,y) = d(y, z)
d(z,z) =0

satisfying triangle inequality which is SL(2,RR)-invariant, that is,
g€ SL(2,R) = d(gz,gy) = d(z,y)

is trivial, as in d = 0.

: The action of U on G/T is ergodic

.

<« Definition. Ergodic actions

An action G ~ X with an invariant measure class is ergodic if either of these is true

« VA C X measurable and invariant A is either a null set or a full measure set
- L>(X)¢ is one dimensional

- (if X has a G-invariant probability measure) L2(X)¢ is one dimensional

|

I We observe the action of G on G/T" is ergodic because the action is transitive?

E Let X is a G-space, Y < G and T < G is a lattice. Then we have a G-invariant
measure on G/T" so we may consider the L? space on it. Then

L*(G/T)4 ~ Homg <%,L2(G/r)>

. || & Every continuous

d:R?x R? = [0,00)
d(z,y) = d(y, z)
d(z,z) =0

satisfying triangle inequality which is SL(2, R)-invariant, that is,
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implying

by

g € SL(2,R) = d(gz,gy) = d(2,y)

is trivial, as in d = 0.

Homg (E,LQ(G/I‘)> ~ [2(G)T)¢ = C

U

(RX]2,{, }) = sl(2,R)

“ We observe the action of G on G/T" is ergodic because the action is transitive?

polynomial | polynomial | Hamiltonia | matrix in flow type of
in real in n vector |form of s((2,R) = sp fixed
variables complex field in the point at
variables | complex Hamiltonia origin
function n vector
form field
L(z?+y?) | S22 iaz _ |aR™? rotation not
a 0 -1 hyperbolic
1 0]
azy 2(z+2)(z{ L (z—2—2 101 aH hyperbolic
o
0 —1]
—ay?  _laX not
a 01 hyperbolic
0 0]
azx?  _|aY not
a 00 hyperbolic
1 0]
general _ |an arbitrary
a b .
) arbitrary area
azy —by” + —A1 | matrix preserving
WH 4 bX + linear flow
type of fixed point 0 € R? of the flow
b
[a ] €sl(2,R)
c —a
det eigenvalues |type Jordan block | exponential |trace of
B exponential
A1, A2 = £/
det <0 —z,z € R\ {0 hyperbolic e*+e*>0
—x 0 e?® 0
0 =z 0 e
det =0 0 parabolic ] 12
0 O] [0 1]1 O] [1 ¢
0 0/°l0 o/[0 1]’ [0 1]
det >0 eigenvalues | elliptic ) i 2cos(z) > —2]
—iz, iz € iR —ie 0 e” 0
0 1T 0 eim
v elements of s[(2,R)_with a hyperbolic fixed point ]
type of fixed point of iterations
b
[“ ] e SL(2)(R)
c d
type elliptic parabolic hyperbolic
tr2 — 4 <0 =0 >0
|tr| <2 = > 2

eigenvalues A\, A1

AeU@)\ {-1,1}

YD LR

2 2

AeR\{-1,1,0}

2 |
)\,A‘lzgi Vtr2

Jordan block in
GL(2)(C)

<l 1

fort e R

i[e"” O]
0 e€*

forz € R, +e* = A\

elements in SL(2)(R)
upto conjugacy

conjugate to
rotation matrices

R’ € SO(2)(R)

conjugate to

|

fort ¢ R

as it has two distinct
real eigenvalues so it
is conjugate to

[

SL(2)(R) ~ R?

elliptic fixed point at
0

parabolic fixed point
at 0

hyperbolic fixed
point at 0

SL(2)(R) ~ P(R?)

fixes no line in R?

fixes exactly one line
in R? <= fixes

1
exactly [0}

fixes exactly two
lines in R2

SL(2)(R) ~ RH?

fixes one point <—-
conjugate to
stabilizer of ¢ which
is SO(2)(R)

fixes exactly one
point in ORH" <—
conjugate to a
transformation only
fixing oo <—

z—=z+t

fixes exactly two
points in ORH™
<= conjugate to

Z = oz
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Current note has 0 direct children and 0 total descendants.

* squishy
. SL(2)(R) ~ R
o« SL
* SL(2)(R)
* stretchy
. GL(2)(Z) ~ T?
. SL(2)(Z) ~ T?

And it has 30 siblings.

* squishy
. SL(2)(R) ~ R
« SL(2)(R) ~ H2

. Mat_.(2)

¢ Ay >\RHL2J

A2

¢ O () \

RH?
* C\{0. 1} psr2)z)2)\
« R X g (C2
« CI(R™, (, >07n)
. Cn
- U(C\ {0})
. PSL(2)(C) ~ CP! 2y, S2
. CP"
o Farey graph,_complex and tree
« GL

o Heisenberg group

« Incomplete hyperbolic polygon mod side-pairing
« RH? _RH},_D?

« RH"

* D, _lattice

o Matrices
o MatR(2)

e Mobius endomorphisms

« Elementary group with finite and infinite sided Dirichlet polyhedra

« Polynomials

C T*S1 25 (R2\ {0}, da A dy)

. Z (zlgm - 1) (C) oym T*S™

« SL

« SO

« Seifert—Weber dodecahedral 3-manifold
« Uln,C)
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