() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on January 1, 2025 9:08:55 PM,

was last modified on September 7, 2026 1:10:56 PM, and
was exported on September 7, 2026 3:09:53 PM.

Intermedia value property of continuous functions on
intervals

continuity keeps the same sign locally

An immediate property of continuous functions on R is that they do not change sign abruptly

if the domain is an interval.

= (Continuity preserves sign locally): Let I(c) be an interval containing ¢ and
f:Ilc) CR =R

be continuous at ¢ € I(c), f(c) # 0. Then for € := |f(c)|/2 there is an interval around ¢
such that

S5(e) € £ (1(e)) € 1(e)

Thus on this interval, image of f is in

L(e) = f(o) + (_ 7 169 )

= f has the same sign as f(c) on Is(c).

More explicitly,

- Continuity at ¢ means for every € > 0,35(€e) > 0 such that

z € Ig(c)NI(e) = f(z) € I(f(c))

« If f(c) >0, take € := f(zc) so

v € g 1160 = f(@) € (10~ 12 s+ 12

— f) (510 51))
- Thus f(z) has same sigh as f(c) in this domain.
< If f(c) <0, take € := —5 f(c) so
zelnl(c) = f(x) € (f(c) + %,f(c) — @)
— f@) < (370, 510)

« Thus 36-B(c) such that f(z),z € —B(c) NS has same sign as f(c).

continuous maps over intervals does not change sign
without being zero

Using the property that continuity keeps the same sign for an interval we can show if a
function (on a closed interval) does change sign, then it has to be zero at some point inside

the interval.

& f:[a,b] C R — R be continuous and suppose f(a), f(b) have opposite sign, that is, >
f(a)f(b) <0
Then Jc € (a,b) such that
fle)=0

continuous maps over intervals takes every value between
two values

But because we can scale up and down any number really, this idea holds for any real, not

just zero.

£ (Intermediate value theorem for continuous [a,b] — R) Let f: [a,b] — R be >
continuous and suppose there are two points a < S in [a, b] such that f(a) # f(5).
Then f(x) takes every value between f(a) and f(fB) for € (a, ). That is

fle, B) 2 (f(a), £(8))
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