
Almost simple groups

By

every connected Lie group corresponding to a Almost simple group with negative-definite

Killing form is compact.

Almost simple algebra 

with negative-definite 

Killing form, AKA 

compact Lie R-algebras

compact simple connected 

Lie groups

Z

su(2,C)
Z2

And every connected Lie group corresponding to a almost simple algebra whose Killing form is

not negative-definite is non-compact.

Almost simple 

algebra whose 

Killing form is not 

negative-definite, 

AKA non-compact 

Lie R-algebra

signature of Killing 

form

non-compact 

simple connected 

Lie groups

Z

sl(2,R)
(1, 2) Z

sl(n,R)

 for n ≥ 3

Classification of simple Lie R-algebras

simple Lie C-

algebra

compact simple Lie 

R-algebra 

(compact real form)

non-compact non-

complex simple Lie 

R-algebras (non-

compact real forms)

An, n ≥ 1 sl(n + 1,C) su(n + 1,C) sl(n + 1,R)

su(p, q)

sl(m,H)

Bn, n ≥ 2 so(2n + 1,C) so(2n + 1,R) so(p, q,R)

Cn, n ≥ 3 sp(n,C) usp(n,C) sp(n,R)

so(p, 2n − p,R)

Dn, n ≥ 4 so(2n,C) so(2n,R) so(p, q,R)

so(2n,H)

E6

E7

E8

F4

G2
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A Lie group is almost simple if its Lie algebra is simple.

Let G be a connected semi-simple Lie group. Then G is compact ⟺  the Killing

form on Lie(G) is negative-definite.

SU(2,C)

SO(3,R)⏐↓ ˜SL(2)(R)

SL(2)(R)

PSL(2)(R) ≅SO
+(1⏐↓⏐↓(Classification of simple Lie R-algebras into complex and non-complex) Let g be

a simple Lie R-algebra and g ⊗ C be its complexification. Then either it is complex:

g ≅LieAlg
R

s

for some Lie C-algebra s (and g ⊗ C ≅LieAlg
C

s ⊕ s) or it is non-complex: g ⊗ C is

simple over C.
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