
Riemannian submanifolds

Proposition:

In other words, h is just the metric g restricted to X.
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Isometric immersion/embedding

Let (M, g) be a Riemannian manifold with/without boundary and

F : X → M

is a smooth immersion of a smooth manifold X. Then

h = F ∗g

is the metric induced by F  on X.

If (X, h) were a Riemannian manifold, then an immsersion/embedding satisfying

F : (X, h) → (M, g),  F ∗h = g

is called isometric immersion/embedding.

Riemannian submanifolds

Let

ι : X ↪ M

is an immersed/embedded smooth submanifold (with/without boundary) of (M, g)

(without boundary). Then with the induced metric on X

h := ι∗g

the Riemannian manifold (X, h) is called a Riemannian submanifold (with/without

boundary).

Warning

Even if the metric is pulled back, properties like curvature does not commute with the

pullback.

Normal bundle and normal vector fields of submanifolds

Let

ι : (X, h) ↪ (M, g)

is a Riemannian submanifold with/without boundary

Then

ι∗ : TpX ↪ TpM

gives a split into an orthogonal direct sum

TpM = TpX ⊕ NpX

where the normal vector space NpX := TpM ⊥ contains the vectors normal to X, that is

v ∈ NpX ⟺ ∀w ∈ TpX g(v, w) = 0

The sub bundle

NX := ∐
p∈M

NpX ≤ TM

is called the normal bundle of X whose sections are normal vector fields along M.

Riemannian submanifolds

Let

ι : X ↪ M

is an immersed/embedded smooth submanifold (with/without boundary) of (M, g)

(without boundary). Then with the induced metric on X

h := ι∗g

the Riemannian manifold (X, h) is called a Riemannian submanifold (with/without

boundary).
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boundary of Riemannian manifolds

Let (M, g) is a Riemannian manifold with boundary

ι : ∂M ↪ M
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