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gcd of integers

¢ Consider
S :=Z{a,b} NZ~

« If a # 0 then +a € S, so S is not empty.

« Consider
d:=minS =minZ{a,b} NZ-,

and

d=ax + by

we have ¢,r € Z such that
a=gqd+r,re|0,d)
« Then

r=a—qd
=a—q(az + by)
=a(1l — qz) + b(—qy)
€ Z{a,b}

« If » > 0 then r € S which contradicts r € [0,d) Nd = min S.
» Thusr =0

» Hence,
a=qd

and similarly b = ¢’d so d is a common divisor of a,b

a,b e dZ
» Let ¢ be another common divisor
a,b e cZ
— d=azx+byeccZ
g = ﬂ cZ
c c
— d>c

» Thus d is the greatest among all common divisors of d.

(a,0)

T

(0,0

(z,y) — az + by
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? As

a,b € ged(a,b)Z
= az + by € gcd(a,b)Z

we have

ZA{a,b} C ged(a,b)Z

« Now, because

ged(a, b) € Z {a,b}

we have

ged(a,b)Z C Z {a, b}
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