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n-times differentiable functions

functions n-times differentiable at a point

We generalize the preliminary result

« From
« Let f: (a,b) — R be differentiable at ¢ € (a,b).
« Define
flx) = fle) .
£2(e) = {m St
f'(c ife=c
« f*is continuous in (a,b).
« So we can write f as
f(2) = f(e) = (& — ) f2 (=)
for an unique continuous f;.
we write
f(x) = f(c) + (& — ) fe ()
as
f(z) = f(z) + (z — o) f'(c) + (z — c)he(2)
where
he(z) = fo(z) — f(=)
= ibrrihc(w) =0

for functions that are n-times differentiable at a point

& (Peano form of Taylor's theorem) Let Let f: (a,b) — R and a positive integer >
n € Z~g such that f is n-times differentiable at ¢ € (a,b). Then there exists a
function h. : (a,b) — R such that

& z —c)k
10 =3 (L5 7%0) + (e - 9"halo)

k=0

and

lim h.(z) = 0

T—C

functions n-times differentiable on an interval

By using the mean value theorem

Corollary of mean value theorem: If

f:(a,b) = R

is differentiable, then for any proper subinterval (z1,z2) C (a,b) by mean value theorem

we have

3z € (z1,22) : f(x2) — f(z1) = (z2 — z1) f' ()

repeatedly, we obtain

& (Mean value form of Taylor's theorem) Let f : [a,b] — R and a positive integer >
n € Z-o with (1) is continuous on [a, ] and f(™ exists on (a,b). Then there
exists ¢ € (a, ) C [a,b] such that

n=l ( £(F)(q (") (¢
f(x)zz<fk!()(w_a)k>+f R

|
=0 n.

(where the ¢ depends on z).

repeated use of mean value theorem

n—1 (k) a
P(z) := Z (f k:'( ) (z —a)k>

k=0
For a fixed interval («, 8) C [a, b], let M be the number defined by

f(z) = P(z) + M(B - )"

and put
g(t) :== f(t) — P(t) — M(t — a)" ont € (a,b)
Then
g () = FO @) - PO@) — k! M(t - a)"
g™ (@t) = f™(t) —n!Mont € (a,b)
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Also,
9(8) =0
from definition.
+ Hence, as g(a) = 0 = g(B), by mean value theorem
Jz1 € (o, B) 1 g'(21) = 0
« Since ¢'(a) = 0 = ¢/(z1), by mean value theorem
Jzy € (, 1) 1 g'(z2) =0

« After n such steps

I I
I I I
a a T, Ty I /3 b

we arrive at the conclusion that
Jz, € (a,zn-1) C (o, B) : ¢g'(zn) =0
Hence, there is a ¢ € (a, ) such that

£ (¢) =n!M

if first n — 1 derivatives are zero at a point

i
f®(a) =
then
e (o) fz) = S }UC@O(@« BT I A O
2\ _“H nl
IVLCT

if n-th derivative is continuous and non-zero at a point

o Let

f€Ca,b]
Iz € [a,b] : f(z) <0

« Then by continuity of £, for any € > 0 we have a § > 0 such that

£ (@) — £ (z0)| < €
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