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Uniformly continuous functions on a metric space

-

< Definition. Uniformly continuous functions on a metric space

Let f: X — Y be a function between metric spaces, then f is uniformly continuous if
Ve, 39 such that

z1,xy € X,d(z1,22) < = d(f(z1), f(z2)) <€

& Uniform continuity = continuity

B Let X be a compact metric space. f: X — Y is continuous == f is uniformly
continuous.

« Suppose f is not uniformly continuous, then Jey > 0 such that V4§ there are a,b € X with
d(a,b) < & but d(f(a), f(b)) = €
- take § = L then there are an,b, € X with d(an,b,) < & but d(f(an), f(bn)) > €0

now (a,) and (b,) are sequences in X

by sequential compactness there is a sub-sequence (a,,)reny Which converges to
peX

» because f is continuous at p, f(an,)ken also converges tof(p)

then
1
d(b”k’p) < d(bnk’a”k) + d(anmp) < n_k + d(a"k’p)

* so by, also converges to p

o but

d(f(bny), f(p)) = d(f(bn,), F(P)) — d(f(ar), f(p)) = €0 — d(f(an,), f(P))

but this is a contradiction to continuity of f at p
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