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Factorization of holomorphic functions on C

infinite products

Ve

< Definition. Non-zero product of a sequence of non-zero complex numbers

Given a sequence (p,) C C\ {0} we have the partial products

po,p0p17""Hpn,...
n<k

Then the infinite product is defined to be the limit of the sequence of partial products

only if the right side is not 0.

® Let p, € C\ {0} be such that

[[p.=P+#0

n>0
then

Hngk Pn  k—oo

Pn = > 1
" Hngkflpn

® Thus it is necessary

n—oo
pp— 1

for the infinite product of p,, to converge.

E anl pn CcONnverges
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>, log(pn) converges.

constructing an entire function with given zeros and multiplicities

We shall use Weierstrass' primary factors and their bound
u

* bound on 1 — E,

Proposition: The functions
e z

< Definition. Weirstrass' primary factors
P y

Ey(z):=1—2

E,(2) (1 ) —|—ZQ+ +z’”
n = — e [ R
z z)exp | z 5 -

for n € Z+g

& J/

satisfy
1= En(2)] < [o|™*

on the unit disk D for all n.
Form =20

1—(1—2) = 4!

For m > 1 we have

which means

® As
1-E,(2) "
m+1 - ; AnZz
1— Em(z) _ Za zn+m+1
n>0
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we have
2 m
an n+m m z z
Ziz = -z exp(z+—+---+—>
n20n+m+1 2 m
2 m\ ™
_ _.m\ " L Z L
I I (R ARy
n>0
Thus
an, >0
® So
(I—Em)(O):O

and 1 — E,, has a zero of order m + 1 at z=0. Thus

1— En(2)
zm+1

has a removable singularity on 0, so it extends to an entire function

1- Em(z) — Zanzn

om+1

n>0
1—-FEn(z
2 £ Sl < ol o D
z n>0 n>0

-S>,
n>0
1— En(1)

= 1

1m+1

® Therefore,

2l <1 = [1— En(2)|M = o™

B (Entire function with given zeros and multiplicities) For a sequence (a,) C C
such that

n—oo

|an| —— o0

let m be the number of times 0 occurs in a,,. Then

zmHEn<a—Zn):C—>C

a,#0



converges to a holomorphic function (entire) that has zeroes precisely at
{a,} C C with multiplicity at a zero a equal to the cardinality [{n | a, = a}|.

® On choosing ¢,, suitably such that
z
m E _
z I I én (an)
an#0

on a disk of radius R > 0

Z‘I—Em (i)‘gz

n>N n>N

5 [fntl $nt1

wl =2

n>N

R

an

converges.

Weierstrass Factorization Theorem

Let f be an entire function, f # 0, and let £ > 0 be the order of the zero of f at 0.
Let the remaining zeros of f be at z1,z2s,..., where each z, is repeated as often as its
multiplicity. Then

f(z) = e9(2) Lk H En. (z/zn)

for some entire function g and nonnegative integers m,.

Proof. If f has finitely many zeros, the result is immediate, so assume that there are
infinitely many z,. Since f # 0, |z,| — co. By (6.2.3) there is a sequence {m,, } such that

h(z) = £(2)/1z" ][] Em. (2/20)]

has a zero-free extension to an entire function, which we will persist in calling h. But
now h has an analytic logarithm g on C, hence h(z) = e9(*) and we have the desired
representation. o

More generally, versions of (6.2.3) and its consequence (6.2.5) are available for any
proper open subset of C. We begin with the generalization of (6.2.3).

Holomorphic function with prescribed zeros and their
multiplicities

B (Holomorphic function on open subsets of CP! with given zeros and their
multiplicities) Let 2 be a proper open subset of CP! and A C Q with no limit
point in €. For each a € A, let m, € Z., be a positive integer. Then there exists
a holomorphic function

F:Q-5C

such that A = f~!(0) and for each a € A the multiplicity of f at a is m,.
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