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Global holomorphic functions

Quote

Riemann: What is the domain of definition of an holomorphic function?

Let the union of all germs of holomorphic functions ("Etale space") be

O := {(a, f) : a ∈ C,  f(z) =∑
n≥0

cn(z − a)n}

and we want a topology on this such that

is a local homeomorphism.

We define

where given a (a, f) ∈ O we have

(Tbf)(z) :=∑
n≥0

f n(b)
z − b

n!

Then the images are

sf(a + raD) = {(b, g) ∣}

Proposition:

{sf(a + raD) : (a, f) ∈ O}

O → C

(a, f) ↦ a

sf : a + raD → O

b ↦ (b, Tbf)
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becomes a sub-basis for a topology on O.

Now

O

is the space of all global holomorphic functions with (domain points from C and valued in C).

On this topological space we have two maps

connected components

A connected component of O is a "Riemann surface" S. There are two functions on it

S → C; (a, f) ↦ a

the projection π onto C

the evaluation of the function
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S → C; (a, f) ↦ f(a)

constructing global holomorphic functions

adding the missing points: meromorphic functions on CP
1

The corresponding space for meromorphic functions on CP 1 is

So

O ⊂ M

but its larger because

(0,
1

z
) ∈ M

We extend the topology on O to a topology on M .

We have the extended maps

where

Proposition: π is a local homeomorphism.

a (0, f) whose connected component only contains disk?

The complex logarithm

Radicals z1/k

Inverse of a holomorphic function f : U → C

Primitive if a 1-form f(z)dz on U ⊆ C

Radical k√f of a holomorphic function f : U → C

M := {(a, f) f =
∞

∑
n=−N

cn(z − a)n, lim sup
n

|cn|1/n < ∞}

∪{(∞, f) f(z) =
∞

∑
n=−N

cn

1

zn
, lim sup

n

|cn|1/n < ∞}∣ ∣
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adding the missing points: finite ramifications

Consider rD∗ and its inverse image in M . There are many connected components of the pre-

image. We consider a component E ⊂ M  such that

π : E ∗ → rD∗

is proper.

These exist.

And now by

Proposition:

we know

π : E ∗ → rD∗

is a finite, connected, covering map of the punctured disk!

They are classified by finite subgroups π1(D∗) ≅Z, and they are of the form:

D∗ → D∗, z ↦ zn

or

O[z1/n] ×C∗ D∗ = D∗
1/n =: π−1(D∗) → D∗

which gives

∏
i

(w − f ∘ γ i) = wn + a1wn−1 + ⋯ + an

then these ai are holomorphic functions well defined on D∗ which has a removable singularity

at 0, so they extend onto D. Now by

(check for the points at infinity...)

π
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(Newton-Puiseux series)

[1]

we can solve for f on D1/n.

Now we add these points

(0, −)

...

and we construct

M

adds onto M  the "punctures" to the punctured disks in M  that occurs as finite covers of

punctured disks in CP 1.

The components of M  solves the problem of finding the maximal domain of definition of a

meromorphic function on CP 1.
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stamp stamp

Rf subobjects of and functions on Rn, T n, S n,Cn

1Hol Holomorphic functions on spaces over C of dimension 1

global Global holomorphic functions

stamp stamp

Rf subobjects of and functions on Rn, T n, S n,Cn

1Hol Holomorphic functions on spaces over C of dimension 1

approx rat Approximation of holomorphic functions on C by rational

functions

embedding into C3 Embedding unit disk D into C3

factorization Factorization of holomorphic functions on C

global Global holomorphic functions

Hol Equivalent descriptions of holomorphic functions
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Mer Meromorphic functions on the complex plane

Mer at infinity Holomorphic functions meromorphic at infinity

modular Modular forms

recons mer from stalk Reconstructing meromorphic functions from stalks

reflection Extending holomorphic functions by reflections

rotation symmetrizer Rotational symmetrization of holomorphic functions

sheaf Sheaf of holomorphic functions on C

space O(U)

space C O(C)

space D O(D)

space D closed O(D)
–

space D cnt bd O(D) ∩ C(D)
–

space D L2 O ∩ L2(D)

space H O p(H 2
U)

space Lp O ∩ Lp

space S1 O(S 1)

zeros and singularities Zeros and singularities of holomorphic functions

1. Walker book↩︎
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