
Info

This note found here

as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,

created on June 12, 2026 10:56:53 PM,

and was last modified on June 13, 2026 8:02:36 PM.

Bounding derivative of holomorphic mappings

(Swartz inequality)

f ∈ O(D, D), f(0) = 0 ⟹ {

Moreover, equality in either of these inequalities ⟺  its a rotation

f(z) ≡ cz, |c| = 1.

|f ′(0)| ≤ 1
|f(z)| ≤ |z|

Consider a holomorphic mapping

f : D → D

such that f(0) = 0.

Then

f(z) ≡ zg(z)

for a holomorphic g : D → C giving us

f ′(z) = g(z) + zg′(z)

Applying

for r < 1

g(z)
Dr

we conclude its maximum should lie at some point zr such that |zr| = r.

Because modulus of non-constant holomorphic functions cannot attain

its maximum in the interior of its domain, on the disk DR of radius R,

a holomorphic function that is continuous on the closed disk needs to

have its maximum at the boundary S 1
(R).∣
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Analogously,

Proposition: Consider a holomorphic function f that maps

f : B(R0, z0) → B(M0, f(z0)), that is

Then

Cauchy's bounds on derivatives

(Cauchy's bounds on derivatives of holomorphic functions) Let f ∈ O(U). Then

f (n)(a)

n!
≤

f|B(r,a) ∞

rn

We see

f(zr) ∈ D ⟹ |f(zr)| ≤ 1 ⟹ |g(zr)| ≤
1

r

while the equality holds only if g is constant (note r < 1).

Since, above is true for all r < 1 we see

|z| < 1 ⟹ |g(z)| ≤ 1

with equality holding ⟺  g is constant.

|f(z) − f(z0)| < M0 |z − z0| < R0

|f(z) − f(z0)| ≤
M0

R0
|z − z0| |z − z0| < R0

By

on

g(z) := f(R0z) − f(z0)

(Swartz inequality)

f ∈ O(D, D), f(0) = 0 ⟹ {

Moreover, equality in either of these inequalities ⟺  its a rotation

f(z) ≡ cz, |c| = 1.

|f ′(0)| ≤ 1
|f(z)| ≤ |z|∣ ∣ ∥ ∥
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