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Biholomorphic mapping onto disk

8 (Riemann mapping theorem) Let Q C C be a simply connected open, proper
subset of C. Then there exists a biholomorphism from (2 onto the unit disk

f:Q—=D
Moreover, given a € () there is a unique biholomorphism

f:Q—=D
f(a) =0,f(a) >0

uniqueness and maximality condition

Proposition: Let 2 C C be a proper, simply connected subset of C. Then

1. Given a € € there is at most one biholomorphism
f: Q=D
f(a)=0,f'(a) >0

2. There exists an injective holomorphic map

f: Q=D

3. Let f: Q — D be injective holomorphic such that f(a) = 0. Then the map f

attain maximum of

{h € 0(Q,D) | his injective , h(a) = 0} — [0, c0)
s W)

<= f is surjective.

uniqueness
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For a give a € (2, let there are two biholomorphisms

f,g:Q—D
then
fogt:D—D
is a automorphism of the disk such that

fog71(0) = f(a) =0
(Fog)(0) = F(g 1 (0) - <1

9'(g71(0))
o By
=
a| B (Swartz inequality)
]
]
: (0)] < 1
E fe oD 0 7)1 <o
u
E Moreover, equality in either of these inequalities <> its a rotation
E f(z) = cz,|c| = 1.
u

we conclude
fog (w)=cw,ld =1
® This means
f(z) = cg(2)
but
0< f'(a) =cd'(a),g'(a) >0 = c=1
thus f=g.

[1]

constructing a biholomorphism into the unit disk

® Assume 0 £ (2. Then there exists a branch of square root ,/ on 2. Let the image be V.

® The square root
NER Vs VQ

is bijective with inverse z — 22.

* Ifwe VQthen —w ¢ V/Q, as otherwise there are 21,22 € Q such that
VZi=w=—/29 = zy=2p0rw=—w

which implies 0 € Q which is a contradiction.
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® Thus
f:Q—=D

is injective into the unit disk D.
subjectivity <= maximality

® (surjectivity) For such an Q, let

f:Q—D
be an injective holomorphic map such that

£'(0) = sup |¢'(0)]
geF

Assume a € D\ f(Q).
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® Let Ry : D — D be an holomorphic automorphism such that R,(a) = 0, then
0 ¢ Ro(£(2))

so R, o f avoids the origin 0 € D.

® As () is simply connected, we consider a square root

92 = Rqof
® Then h:= Ryq) o g is injective holomorphic map that sends g(0) + 0.
® Then

f:R;IO()2oR;(B)oh

* By .. we have
(Rao ()P0 R 5)'(0)] <1
hence
[£1(0)] < [R'(0)]

which is a contradiction.
® (maximality) Let f: Q — D be a bijective holomorphic map with f(a) = 0.
® For any h: Q — D injective holomorphic with h(a) = 0 then

gi=hof':D=D

with g(0) =0

B (Swartz inequality)

feﬁUlD%ﬂmzo::>ﬂﬁﬁw

<1
< ||

Moreover, equality in either of these inequalities <—- its a rotation
f(z) = cz,|c| = 1.

IIIIIIIIIIIIIIIIIIIE

we have
lg'(0)] <1
* Now
h'(a) = f'(a)g'(0)
so

[P (@) <[f'(a)]



the family of injective holomorphic maps is pre-compact

® (existance) We assume © C D and 0 € €. Consider the family

F :={f: Q — D holomorphic, injective | f(0) = 0, f'(0) > 0}

® |n particular, f'(0) € R. As Idg € F it is not empty.

®* As
[f(2)] <1 = supsup|f(z)| <1
zeD feF
so F is uniformly bounded on D.
® Consider the sequence
fm €F

such that

£1.(0) === sup | £(0))|
feF

<

E (Montel's theorem) A subset 7 C &(U) is uniformly bounded
IF(E)l o = sup || £ x| = supsup [f(2)] < oo
feF zeK feF

on every compact subset K C U <= pointwise bounded and
equicontinuous

Va € U, | F(a)]| o < 00
Ve > 036 > 0:Vz € F(Bs(zg)),d(z, f(zg)) <€

on compact subsets of U to a holomorphic function in &(U).

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEER w

there is a subsequence f,,, which converges

n—oo

fm, — foo € O(R)
uniformly on compact subsets of €2, such that

f(0) = sup | £'(0)]

feF

® Then f5(0) =0, f. (0) > 0, hence the map is not constant.
® As fs(Q) C D by
u

B (Open mapping theorem for open subsets in C) Let f be non-
constant holomorphic function on a connected open set U then

<= it is pre-compact (in the compact-open topology) < for
every sequence {f,} C F has a subsequence that converges uniformly
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f(U) is open (and connected).

non-constant holomorphic function locally looks like

w® on a change of coordinates

Let we have a holomorphic function f on some open subset of C containing zg

Proposition: If f(z9) # 0 and any positive integer k, we compose

f with the function z/* to obtain a function h such that
RF=fonV

for a smaller open V containing z;.

Proposition: If f: U — C is a non-constant holomorphic function
on a open subset U C C,

® then around any zg € U there is a holomorphic g(z)

F(2) = £(0) + (z — 2z0)"g(2) around zg
9(z0) # 0

® Moreover there is a smaller neighborhood around zg and a

holomorphic h(z) such that

f(2) = 7(0) + ((z — 20)h(2))* around z,
h(Z[)) # 0

with further smaller neighborhood around z; so that

(z — z0)h(2) is a biholomorphism to its (open) image.

® Now, we write

f(2) = an(z— 2)" on z € Bg(z)

n>0

® |If fis not constant, there is some smallest £ > 1 (multiplicity of the

zero) such that aj # 0, meaning
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f(2) = ao + (2 — 20)*g(2) on z € Br(z)
9(2) =) anir(z = z)"

n>0

9(z0) #0

® Then by
n

Proposition: If f(z9) # 0 and any positive integer k, we

1/k

compose f with the function z'/* to obtain a function h

such that
Rk = fonV

for a smaller open V' containing zp.

we find a smaller open V' containing zo and a holomorphic A such that

f(z) = a0+ (2= 20)"(h(2))f onz € V
h(zo) # 0

® Thus we have

f(2) =ao+ ((z— z0)h(2)) " onz e V
N~ —

hi(2)
with h(zg) # 0, so

hi(z) = (2 = z0)h(2)
hi(2) = h(2) + (z — 20)h'(2)
hi(z0) = h(z0) # 0

® As h; has a non-vanishing derivative at zg, so there must be
another smaller open W containing zo where hi(W) is open and
h1 W — hl(W)

is a homeomorphism.

® We can choose W so that hi(W) is a disk centered at hi(z9) = 0.

Proposition:

f W= fW)=ao+D
f(2) = ag + (h1(2))"

is an open map.



Given open set A C W its image h1(A) under the homeomorphism h; is
open set in a disk containing 0.

® Image of hy(A) under z — 2" is open and translation w — ag + w takes
open sets to open sets.

® Thus f(A) is open.

< ENENEESESSNENEEEEEEEN

(@) C D, thus we have a holomorphic

f:Q—D

by solving a Dirichlet problem

]

® et Q C D and 0 e Q. We solve the Dirichilet problem for

log|¢| for ¢ € 90

and obtain a harmonic

u: Q=R

such that

2500
u(z) —— log|[(]

® Since Q is simply connected there is a harmonic conjugate v to u, making
f:=zexp(—(u+iv)): Q@ —C

holomorphic on € such that

z N
()

® Hence, f(Q2) C D and by open mapping or maximum modulus f(Q) € D. Thus
f:Q—=D

® Applying the argument principle to ...

Current note has 0 direct children and 0 total descendants.
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® Rf subobjects of and functions on R™,T", 8™ C"

® 1Hol Holomorphic functions on spaces over C of dimension 1
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® mapping

And it has 9 siblings.

® stamp stamp

onto disk Biholomorphic mapping onto disk

® Rf subobjects of and functions on R™, T, S™ C"

® 1Hol Holomorphic functions on spaces over C of dimension 1

® mapping

bd derivative Bounding derivative of holomorphic mappings

branch points Branch points and ramification index of holomorphic
functions

contains disks Disks in holomorphic images

fibers Fibers of holomorphic mappings

locally poly Non-constant holomorphic functions locally look like w”
and are open mappings

onto disk Biholomorphic mapping onto disk

pole Holomorphic functions on punchered disk

singularities are not isolated Holomorphic function whose singularities

are not isolated

z2 at all rationals A holomorphic map branched over Q

1. https://www.math.stonybrook.edu/~bishop/classes/math626.F08 /rmt.pdf €2

2. complex analysis - Solution verification

Proof of the Riemann mapping theorem using Perron's

solution of the Dirichlet problem. - Mathematics Stack Exchange <2
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