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bounded entire functions are constant

® An entire function f: C — C is continuous on every closed disk Dp so it must attain its

maximum on the boundary S%. So for each zp € S},
z€ D = [f(2)] < |f(zR)]
where the equality only holds if f is constant.
® Suppose f: C — C is entire and
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If |f(zr)| > 0 then inside Dg > zg
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whereas on boundary of D—S

|f(zR)|
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< [f(zg)|

which is only possible if f is a constant and identically 0.

If fis entire then

f(z) — £(0)
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is also entire. If |f| < M then
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which by maximum modulus means f(z) — f(0) = 0 identically. Thus f is a constant if its
bounded and entire.

Let f is entire and bounded by M. For any aq,as € C choose any R > 0 large enough so
that
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Then f(a1) = f(a2) is true for arbitrary aj,as € C, hence f must be constant.
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be entire.
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for any R > 0.
® |f fis bounded by M then for k > 0
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® Thus
f(2) = ao

a constant.

order at infinity
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E ® Thus for any function f that is meromorphic at zg, there is a holomorphic
E h:zy+ D, — C and positive integer k called the order of the pole at z; such
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Moreover h(zg) # 0.

() (1)

where h is holomorphic on some D,, h(0) # 0 and k is a positive integer called the

we have for all w € Dy

order of the pole of f at infinity.

entire functions with a particular maximum modulus

O(C) — C>(0,00)
fe I
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entire functions that miss two values is constant

Let
f:C—C\{o0,1}
hen because

E There is a holomorphic covering

D —C\{0,1}

To construct the map, we start with a triangle A inside the unit circle
consisting of circular arcs that intersect the unit circle at right angles. In
other words, a geodesic triangle in the Poincaré disk with vertices “at in-
finity” (which means that the interior angles are 0). Now reflect Ag across
each of its sides. The result are three more triangles with circular arcs
intersecting the unit circle at right angles. Figure 4.5 shows how the unit
disk is partitioned by triangles as a result of iterating these reflections indefi-
nitely. To obtain the sought after covering map, we start from the Riemann
mapping theorem from Chapter 2 which gives us a conformal isomorphism
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f : Ao — H, the upper half-plane. We may also achieve that the three
vertices of Ag get mapped onto 0, 1, 0o, respectively. Moreover, the map ex-
tends as a homeomorphism to the boundary; see Theorem 2.30. Thus, the
three circular arcs of Ao get mapped to the intervals [—o0, 0], [0, 1], [1, o0],
respectively. By the Schwarz reflection principle (see Problem 2.6) the map
f extends analytically to the region obtained by reflecting Ao across each
of its sides as just explained above. In this way we obtain a conformal map
onto C \ {0,1} which is defined on the entire disk. By construction, it is a
local isomorphism and a covering map.

Figure 4.5. Successive reflection of triangles across their sides

we may lift

f:C—=D

which is constant because bounded entire functions are constant.
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