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O(C)

bounded entire functions are constant

An entire function f : C → C is continuous on every closed disk DR so it must attain its

maximum on the boundary S 1
R. So for each zR ∈ S 1

R,

z ∈ DR ⟹ |f(z)| ≤ |f(zR)|

where the equality only holds if f is constant.

–

–

Suppose f : C → C is entire and

|f(z)| 0 ⟺ ∀ϵ∃δ : |z| > δ ⟹ |f(z)| < ϵ

then fix R > 0 and zR ∈ S 1
R and pick S > R such that

|z| ≥ S ⟹ |f(z)| ≤
|f(zR)|

2

If |f(zR)| > 0 then inside DS ∋ zR

|f(zR)| ≥
|f(zR)|

2

|z|→∞
−→
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whereas on boundary of DS,

|f(z)| ≤
|f(zR)|

2
≤ |f(zR)|

which is only possible if f is a constant and identically 0.

–

If f is entire then

f(z) − f(0)

z

is also entire. If |f| ≤ M then

f(z) − f(0)

z
≤

2M

|z|
⟹

f(z) − f(0)

z
0

which by maximum modulus means f(z) − f(0) = 0 identically. Thus f is a constant if its

bounded and entire.∣ ∣ ∣ ∣ |z|→∞
−→

Let f is entire and bounded by M. For any a1, a2 ∈ C choose any R > 0 large enough so

that

|z| = R ⟹ |z − ai| ≤
R

2

( )
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order at infinity

Then f(a1) = f(a2) is true for arbitrary a1, a2 ∈ C, hence f must be constant.

f(ai) =
1

2πi
∫

S 1
R

f(z)dz

z − ai

f(a1) − f(a2) =
a1 − a2

2πi
∫

S 1
R

f(z)dz

(z − a1)(z − a2)

|f(a1) − f(a2)| ≤
|a1 − a2|

2π
∫

S 1
R

f(z)dz

(z − a1)(z − a2)

≤ M

R2

≤ |a1 − a2|
M

R

0 ∣ ∣

R→∞
−→

Let

f = ∑
n≥0

anzn

be entire.

Consider

ak =
f (k)(0)

k!
=

1

2πi
∫

S 1
R

f(z)

zk+1
dz

for any R > 0.

If f is bounded by M then for k > 0

|ak| ≤
1

2π

M

Rk
0

→∞
−→

Thus

f(z) = a0

a constant.

By

Thus for any function f that is meromorphic at z0, there is a holomorphic

h : z0 + Dr → C and positive integer k called the order of the pole at z0 such

that

( )
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entire functions with a particular maximum modulus

[1]

entire functions that miss two values is constant

Let

f : C → C ∖ {0, 1}

then because

we have for all w ∈ D∗
r

f ( 1

w
) =

h(w)

wk
= f(z) = znh( 1

z
)

where h is holomorphic on some Dr, h(0) ≠ 0 and k is a positive integer called the

order of the pole of f at infinity.

f(z) =
h(z)

(z − z0)k
 on z0 + D

∗
r

Moreover h(z0) ≠ 0.

O(C) → C
∞(0, ∞)

f ↦ |f|2

There is a holomorphic covering

D → C ∖ {0, 1}

▛
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we may lift

f : C → D

which is constant because bounded entire functions are constant.
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1Hol Holomorphic functions on spaces over C of dimension 1
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factorization Factorization of holomorphic functions on C

global Global holomorphic functions
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zeros and singularities Zeros and singularities of holomorphic functions
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