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Fourier transform on S, Fourier series on [0, 1]
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<9 Definition. Fourier transform on S*, Fourier series on [0, 1]

Let f € L(S?'). Then for n € Z the n-th Fourier coefficient of f is

f(n) := 1 (2) dz
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and the Z-sequence f is the Fourier transform of f.
Let f € L'[0,1]. Then for n € Z the n-th Fourier coefficient of f is
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and the Z-sequence f is the Fourier series of f.
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® For f € L'[0,1], the Fourier coefficients of f
foi= [ fa)e e
z€[0,1]
is bounded
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by its L'-norm.
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Actually, the Fourier coeffients converge to 0 at infinity:

B (Riemann-Lebesgue lemma for Fourier transform on S!) Let f ¢ L!(S!) then
the Fourier coefficients f(k) converge to 0 in both Z-directions

A ~ k—o00

f(k), f(=k) —— 0
That is

—:L'0,1] — Co(Z,C)

This does not hold for finite measures.
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<« Definition. Fourier transform of signed measures on S!

Let u € Meas(Bjg,1), R) be a finite R-measure on [0,1]. Then

,&(n) - / 672m‘n9du
[0,1]
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The Fourier summation
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<9 Definition. N-th partial Fourier summation of f is the trignometric polynomial

(Snf)@) = Y fln)em™

—N<n<N
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® Let f € C*[0,1] so that jts differentiable almost everyehere and f' € L[0,1].
® Then for all n € Z\ {0} we have
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® If £(0) = f(1), that is, f € CA(S!), then for all n € Z\ {0} we have
fi(n) = (2mi)nf(n)
e If f < CAY0,1] implying @ € L'[0,1] and

£(0) = £(1), £'(0) = f'(1)
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then
F7(n) = (2mi)nf'(n) = (2mi)*n*f(n)

® Inductively,

—_—

f®(n) = (2min)* f(n)
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And it has 10 siblings.

® stamp stamp
® Rf subobjects of and functions on R™, T, S™ C"
® Fourier
® |2 bdint Fourier transform on L?(—A, A) < L*(R)
® 2 Rpos to Hardy2 upper 1 7 : L*(0, 00) 2ui O*(HE)
® Rn Fourier transform on R™
® S1 Fourier transform on S, Fourier series on [0, 1]
® S1 abs Functions on S with absolutely converging Fourier series, I'(S')
® S1 dist Fourier transform of distributions on S*
® S1L1toCO ™ : L[0,1] — Cy(Z,C)
® S1 L2tol2 7 : L20,1] 2 13(Z,C)
® subsets Fourier transform of measurable subsets

® unsharp Unsharpness principles
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