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R L2[0, 1] = Hilb l2(Z, C)

B (Parseval's and Riesz-Fischer theorems) Let f € L2[0,1]. Then the partial >
Fourier summation converges to f almost everywhere and in L?
N
Snf - f ae and L2

and the Fourier transform is a C-linear bijection
— a L2[0, 1] gHiIb ZQ(Z, (C)

which satisfies || f||, = HfAH2 (is an isometry).

trignometric series for an [ sequence

® Let ¢, € 1%(Z,C) and consider

Ty(z) := Z c,ermine

—N<n<N

® The series satisfies

1Ty — Tully = D lewl?
M<m<N

and thus {T'w} is a Cauchy sequence in L2[0,1].
® By completeness of L?[0,1], there is a limit

L2
T:= lim Ty

N—o0

that means

N—oo
IT = TNl ——0
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® Fixn € Z. For N > |n| we have

T(’I’L) — TN(TL) = /[01] (T — TN)en

= [T(n) - ea| < I~ Twlly
<||IT =Tl

N—o00
—0

® Therefore,

T(n) = cn

Hence,

Proposition: Let ¢, € I2(Z,C). Then
(Z Cn62m'nz> c L2[0, 1]
nez

and it's Fourier transform is c itself

—_—

(Z cne%"m> (n) =c,

nel

that is

D ()ne?™m : 13(Z,C) — L0, 1]

neZ

when composed with the Fourier transform is ldp 7 ¢).

Fourier transform of L0, 1]

® Let f € L?[0,1] and consider a trignometric polynomial

be —2minf
E n

—N<n<N


af://h2-5

® Then

2

Hf o Z bne—Zm'nH

—N<n<N 2

=HfH§—<f, > be>
—N<n<N
2

_< Z bne—2m’n0,f>+ Z bne—2m’n9

—N<n<N —N<n<N 9
=lIfl5— D> fba— D fba+ D [bal®

—N<n<N —N<n<N —N<n<N
= Y )| 1R Y i)
—N<n<N —N<n<N

® Then the trignometric polynomial for which the mean square error

—27ind||2 : :
= Y N<n<nbne H2 is mimum must be when

b, = f(n)
And then
2
£ —2min £ 2
Hf— D Ol IS FiEE S (O]
—N<n<N 2 —N<n<N
® |n particular, because Il I3 > 0 we have
.2 5
S fm| <113
—N<n<N
for every N > 0.
® This implies the sum
12 A2
fl, =X Fm)]
nez
converges and (Bessel's inequality)
12 5
AL, < 1713
® As
fel¥z,cC)

for ¢, = f(n), from



Proposition: Let ¢, € [%(Z,C). Then
(Z cne2ﬂ'inx> e L2[0, 1]
neL
and it's Fourier transform is c itself
(Z cne27rinm) (n) =c,
nel
that is

> ()’ 1%(2,C) — L*[0,1]

neL

when composed with the Fourier transform is Idpz c).

we conclude

—_—

(z f(m)em) ) = Fn)

meZ

® Therefore,

(Z f(m)€m> =f ae on [0,1]

meZ
and thus
Snf= Z f(m)emNH—oo)f ae and L2
—N<m<N

® |n particular, taking |l Il o of the converging sequence implies

D

—N<n<N

~

N—o00
|—

f(n)

2 2
9 = Hf”z
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