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Functions on S! with absolutely converging Fourier series,
Ir(St)
The Fourier summation/inversion

1MZ) — c(SY)
(xk) — ane%ﬁnx

neL

® is well-defined because the trigonometric series uniformly converges

D ezl <z =Nz

nez 00 nez

® is continuous again because of the above inequality

E : emhwn

new

< llzll1

o]

and also has the operator norm < 1.

® has operator norm =1 as

(0,0,..., 1 ,0,0,0....) — 1
~~

and both are of norm 1.

We call the image

< Definition. The Weiner algebra on the circle
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The Fourier transform and Fourier summation above are inverses
(IN(Z), 1 117) Zropvece (I1(S™), 11Nl )
but we may put push the norm on I}, then

"(Z), 11 111) Zgane (I1(S1), 1111p)

C%(S8Y) c I'(Sh)

® Let f € C?*St) or more generally, f € C![0,1] with f' € L'[0,1] and
£(0) = f(1), £(0) = f'(1).
® From
® Let f € C*[0,1] so that jts differentiable almost everyehere and f' € L[0,1].
® Then for all n € Z \ {0} we have

~

— —2minz
fy= [ s

= d 1 d —2Tinx
a /ace[(],l] f@) dx < “omin dz - )

1 l —2minz
O 1) g [ e

® If £(0) = f(1), that is, f € CA(S?!), then for all n € Z\ {0} we have

fi(n) = (2mi)nf(n)

we know

()

(2min)?

f(n) =

® Further, by

® For f € L'[0,1], the Fourier coefficients of f
foi= [ fa)e e
z€(0,1]

is bounded

/ f(m)e—?/rinw
z€(0,1]

SAWMVWM

= 171y

by its L-norm.
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® Thus

we have for n € Z \ {0}

170, 1
(2mi)2 n?

fn)| <

5[] < [f0]+ it 3
nez neZ\{0}
N——’

2
fund
26

® Thus Fourier summation of f converges absolutely.

cl(8!) c I*(Sh)

® Let f €C[0,1] with f' € L'[0,1] and

® Consider

ESSEESSSEESSEEEESEEESSEEEENEEEEEEEEEE T

we know

o
3

> |fm) = [fo + 3 (w\@

neZ\{0}

)

< |f0)|+ \/Z ﬁ\/z n2 ()|

® Let f € CA[0,1] so that jts differentiable almost everyehere and f' € L[0, 1].

® Then for all n € Z \ {0} we have

~

_ —2mine
Fn) = / oy f@e

— i 1 i —2minx
N /ze[()’l] f(@) dx ( —2min dx ¢ >

1 ! —2minx
1O 10 - e [ Fwe

® If £(0) = f(1), that is, f € CA(S?!), then for all n € Z \ {0} we have

fi(n) = @ri)nf(n)

f'(n) = (2rin)’ f(n)
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B (Parseval's and Riesz-Fischer theorems) Let f € L?[0,1]. Then the

partial Fourier summation converges to f almost everywhere and in
L2
N—oo 9
Snf——>f ae and L
and the Fourier transform is a C-linear bijection

. Lz[O, 1] = Hilb l2(Z, (C)

which satisfies || f||, = HfH2 (is an isometry).

trignometric series for an I* sequence

>

® Let c, €1*(Z,C) and consider

Tn(z) := Z cpel™ne

—N<n<N

® The series satisfies

1Ty =Tl = D lem|’
M<m<N

and thus {Tx} is a Cauchy sequence in L2[0,1].

® By completeness of L2[0,1], there is a limit

that means

N—oo
IT =Tyl ——0

® Fixn € Z. For N > |n| we have

() — T(n) = /[O ST

— |T(n) — ca| <|IT - Tl
< |IT - Twll,

N—oo
—0

® Therefore,

i>
G
I

=c,

Hence,
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Proposition: Let ¢, € I2(Z,C). Then

(Z cn627rimv> € L2[0, 1]
nez
and it's Fourier transform is c itself
—_—
(Z cneZﬂ'inw) (n) =c,
nez

that is

> (™™ : 13(2,C) — L*[0,1]

neL

when composed with the Fourier transform is Idp 7, c).

Fourier transform of L0, 1]

® Let f < L%[0,1] and consider a trignometric polynomial

b 67271'1'719
—N<n<N
® Then
2
f_ Z bnef27rin0
=Hfu§—<f, >, bne—2“""9>
—N<n<N
2
_< Z bn62m'm97f>+ Z bnef2m'n6
—N<n<N —N<n<N 2
=Iflz— Y. fMba— D> fba+ D bl
—N<n<N —N<n<N —N<n<N
~ 2 ~ 2
= o dm| - Y ||
—N<n<N —N<n<N

® Then the trignometric polynomial for which the mean square error

| F = Nenen bne*m’”eH; is mimum must be when

by = f(n)
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And then

2

“If3- Y |fm)|

9 —N<n<N

Hf - Z Ja(n)e—m'ne

—N<n<N

In particular, because || 113 > 0 we have

S Jim)| < 112

—N<n<N

for every N > 0.

This implies the sum

4], = 3 |fe]

converges and (Bessel's inequality)

112 9
|71, < 115

As
fel?(z,0)
for ¢, = f(n), from

Proposition: Let ¢, € I2(Z,C). Then
(Z cn62m'na:> e L2[0, 1]
nez
and it's Fourier transform is c itself
(Z cne27rimc> (TL) =c,
nez
that is

> ()™ 13(Z,C) — L*[0,1]

neL

when composed with the Fourier transform is Idp 7 c).

we conclude



] |
m = ® Therefore,
] ]
] ]
ol :
Hl- ( E f(m)em> =f ae on [0,1]
: : meZ
] ]
] ]
a a and thus
] ]
il y
A —00

= : Sxf= Y. fmem——f ae and L?
HI- —N<m<N
H m x>~
] ]
] ]
E - ® |n particular, taking Il Il o of the converging sequence implies

u
H m
= n ~ N—oo Al]2 9
s : S |fmw| | 7 =013
= —N<n<N
H m
H m
= ]
: |
|
we know

—~ .2
111, = || 7], = 12wl |3 [nfm)

nez

® Therefore,

D

nel

f(m)] <

f(o>\+\/§jﬁ S [z
n#0 |1

nez
jo) /2|7

<

2

® [n general,
C"‘(Sl) C ll(Sl)

fora>%

Current note has 0 direct children and 0 total descendants.

® stamp stamp
® Rf subobjects of and functions on R",T", S™ C"
® Fourier

® S1 abs Functions on S with absolutely converging Fourier series, ['(S1)

And it has 10 siblings.
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® stamp stamp
® Rf subobjects of and functions on R™, T, S™ C"
® Fourier
® L2 bdint Fourier transform on L?(—A, A) < L*(R)
® |2 Rpos to Hardy2 upper 1 7 : L?(0, 00) Zyy, O2(HE)
® Rn Fourier transform on R”
® S1 Fourier transform on S, Fourier series on [0, 1]
® S1 abs Functions on S! with absolutely converging Fourier series, I1(S?)
® S1 dist Fourier transform of distributions on S
® S1L1toCO ~: L'0,1] — Co(Z,C)
® S1 L2tol2 7 : L2[0,1] Zmi 1*(Z,C)
® subsets Fourier transform of measurable subsets

® unsharp Unsharpness principles
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