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Laplace operator on (flat) upper half space

H n := R
n−1 × (0, ∞)

The Poisson kernel for flat upper half space is

Proposition:

Therefore from Green's representation we have

{ ⟹ ∫
y∈Rn−1

K(x, y)g(x)dmRn−1

Now, we can solve the boundary value problem:

H n
U × R

n−1 → R

K(x, y) :=
2xn

nmS n−1(S n)

1

|x − y|n

K(−, y) is harmonic for every y ∈ Rn−1

∫
Rn−1

K(x, y)dmRn−1 = 1

Δu = 0 on H n
U

u = g on Rn−1

https://rupadarshiray.github.io/notes/wiki.stamp.Rf.Laplace.upper_half.pdf
https://rupadarshiray.github.io/notes
mailto:rupadarshiray+wiki@gmail.com
af://h1-1


Let u ∈ Cb(Rn−1). Then

u(x) := ∫
y∈Rn−1

g(y)K(x, y)dmRn−1

gives u ∈ C∞
b

(H n
U) such that

{

Current note has 0 direct children and 0 total descendants.

Δu = 0 on H n
U

limH n
U∋x→x0

u(x) = g(x0) for each x0 ∈ R
n−1

As K ∈ C∞ we have u ∈ C∞

|u(x) − g(x0)| = ∫
y∈Rn−1

(g(y) − g(x0))K(x, y)dmRn−1

≤ ∫
y∈Rn−1

|g(y) − g(x0)|K(x, y)dmRn−1

≤ ∫
y∈Rn−1∩Bδ(x0)

|g(y) − g(x0)|

≤ϵ

K(x, y)dmRn−1

  + ∫
y∈Rn−1∖Bδ(x0)

|g(y) − g(x0)|K(x, y)dmRn−1∣ ∣

Consider x ∈ Bδ/2(x0) then

|y − x0| ≤ |y − x| + |x − x0|

≤δ/2

⟹ |y − x0| < 2 |y − x|



∫
y∈Rn−1∖Bδ(x0)

|g(y) − g(x0)|K(x, y)dmRn−1

≤2∥g∥∞ ∫
y∈Rn−1∖Bδ(x0)

K(x, y)dmRn−1

<2∥g∥∞

2xn

nmS n−1(S n−1)
∫ 1

|y − x0|n

0
y→x0 ⟹ xn→0

−→
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