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Integrability and integral of measurable functions on R”

-

<9 Definition. Integrability and integral of measurable functions on R”
Let

f:ECR!SR
be a measurable function

® and a simple function f =Y arxE,
[ 1= aum(En)
® and for a bounded function on a set of finite measure
onrf— [1=1m [en
® and f > 0 then f is integrable if
Jo= [

exists where the supremum is taken over all bounded functions g supported on a set of

finite measure

® and in general f is Lebesgue integrable if | f| is integrable by the previous criterion

Jr-]r-

where f*(z) := max{f(z),0}, f (z) := max{—f(z),0}

and

— Summary of integrability of measurable functions
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supported on finite meas support has co measure
bounded any measurable function is  very easy examples like
integrable! X[0,00) ©n R is not
integrable, [ sinz/z is
also not integrable

unbounded, f >0 f(O,I] % does not exist but
/ 1
01 VT
does

unbounded, possibly
negative in places

bounded and supported on finite meas

B (Integral of bounded functions supported on finite measure exists) Let f be a
bounded function on a set E C R? of finite measure. If (¢,) is any sequence of
simple functions bounded by M supported on E with

¢, — faeon E

then

lim | ¢,
n—oo E

exists and

n—00

f=0aeon £ — lim [ ¢, =0
E

It is also unique, just by the statement!

B (Bounded convergence) Let (f,) be meas, bounded by M, supported on finite
meas set £ and f, — f aeon E

—

f is measurable, bounded, supported on E and

Lfn%/Ef
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* Iff>0

° f= sup / g
0<g<f

® and [ f =0 then f =0 almost everywhere.

( )

2 Example

Let

Fn(2) 2= nX[0,1/n)

o

(. J

then f,(z) — 0 for all = but

for all n.

4 A

B (Fatou) Let f, > 0 be a sequence of measurable functions

/ lim f, < liminf / fn
n—oo n—o0

- ~

n

2 B (Monotone convergence) Let f, : R¢ — [0,00) be a sequence of measurable

n

u functions and f, * f aeon R¢. Then

] n—00

u

n

H lim [ f, = /f

n n—oo

n

n

8 )
8Ir ar(z) > 0 and measble then >

/kz:ak(m)dm = kz:;/ak(m)dm

If 22, [ar < oo then > 72 ai(z) is convergent ae.

A J

' -\

E Suppose {E;} be a collection of subsets with }";° , m(E}) < co. Then the set of
points that the set of points that belong to infinitely many sets Ej,

m({z : ¢ € E} for infinitely many k}) = 0
has measure zero.
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o
b3
[©)
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e
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8

) = XE,(z) and use

& If ai(z) > 0 and measble then

/;ak(w)dw = ;/ak(w)dm

If >22, [ar < oo then >"7°; ax(z) is convergent ae.

r
o for= Y1 ax(@) and f(z) = S5, ai(a) then f, 1 f and

/fn = kzi;/ak(:r)dw
e By MCT,

/Zak(m)dm = ;/ak(m)dm

k=1

e

&

< Definition.

(LY(E),+, , 11 111)

r

r

B The integral of Lebesgue integrable functions

/:Ll(E)—>R

is linear, additive, monotonic and satisfies triangle inequality.

r

B (Integrable functions on R? "vanish at infinity") Let f € L'(R%). Then for
all € > 0 there exists a ball By C R? such that

/ fl<e
Rd\BN(e)

g
u
m-¢- Forany g€ L'(R?) take f := |g|. Consider the trunctation
n
E leN /‘ f
u N—oo
- |




<

measurable functions and f,  f aeon R%. Then
n—oo

i o=

EEEEEEEEEEEEEEEEEEE w

we have

N—oo
f]‘BN ? f
R4 R4

® This means Ve3N(e) such that

0 S/}R (f-leN(e)) <€

G
flse,,
—= f<e
BC

N(e)

B (Monotone convergence) Let f, : R? — [0,00) be a sequence of

B (Absolute continuity of fdm) Let f € L'(R%). Then for all ¢ > 0 there exists >

d. > 0 such that for every measurable set E such that m(E) < 4.

[ifi<e

E (Dominated convergence) Let the sequence of measurable functions
fn — f ae pointwise and

|[fn(2)] < 9()

for some g € L'. Then

10— 5120

chopping integral into lower dimensions



af://h2-4

ubini's theorem) Suppose | € 1 x [R%2), en for almost every y € R%?
B (Fubini's th S f e LY(R% x R%). Then for al RY

f(=y) e L'RM)

and
v [ f(=,y) € L(R%)
Moreover,
/yeRdz </meRdl f(a:,y)) - /Rd1+dz !
differentiation

differentiation of the integral

stamp.Rf.Lmeas.int HL

stamp.Rf.Lmeas.int mean

differentiable almost everywhere on [a, D]

r

¥ Definition. Variation of functions f: [a,b] — R

The total variation of f: [a,b] = R

N

Viey(f) := sup |f(t;) — f(tj-1)]
1

paritions % —

f is of bounded variation if Vi, (f) < oo.
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pe

B Let Vi, 4(f) < oo consider

Viay(f) == sup Y. Ft) - F()

partitions of [a,b] 3 F(t;)>F(t; 1)
and

Viey(f) = sup >, —F)+F)
partitions of [a,b] j: F(t;)<F(t; 1)

F(@) = £(@) + Vi () = Vi ()

where both the functions on right are increasing and are of bounded variation.

V=V 4+V"*
8 F:la,b] > R
is of bounded variation
<—

F'is the difference of two increasing bounded functions.

|

e

8 F:[a,b] - R

is of bounded variation

F is differentiable almost everywhere.

%

Absolutely continuous functions on [a, b] <

fiu (L (a,8])

<9 Definition. Absolutely continuous function on [a, b]

A function F' defined on [a, b] is absolutely continuous if for any € > 0 there exists
d(€) > 0 so that for every collection (ax,bx) C [a, b] of disjoint intervals 1 < k < N we

have

n

S (b ax) < 8e) = 3 F(be) — Flax)| < e
k=1

k=1
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The space of all absolutely continuous functions on [a, b]
CAla, b]

may equipped with the supremum || Il o or variation V norms.

on [aa b]

bounded variation

differentiable ae

f[a,i] : L'[a,b] — CA|a, b]

® Let f € L'[a,b] and consider

® Then
F@)-Fw)= [ - 1
[a,z] [a,y]
_ / f
2]
— |F@) - F)|< [ 17
[2,y]
[ ] By
-
2 B (Absolute continuity of fdm) Let f € L'(R?). Then for all € > 0
E there exists §, > 0 such that for every measurable set E such that
H m(E) < 6.
:
: [ 1<
- E
]
]
u

>
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m(I) =

= Y |F(by) — Flar) <)

we have Ve > 03d(e) > 0 such that for every

such that
the integral

® Here,

D : C*a,b] — L'la, b
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B (Fundamental theorem of analysis, in the almost everywhere sense) A
function

F:la,b] = R

is absolutely continuous on [a,b] = F' exists m-almost everywhere and is
L. In that case,

F(z) = F(a) + /[ ] F' on [a, b]

Moreover F’ = 0 m-almost everywhere — F' is constant m-almost
everywhere.

Conversely, for every f € L'[a,b] there exists a function F' which is
differentiable m-almost everywhere and

F' = fae

and in fact we may take F' to be the absolutely continuous function
T — co+f[m} f for any ¢ € C.

>

z,y € [a,b] = [f(z) — f(y)| < K|z —y]

® if K =0, fis constant
* if K>0,

n

S 1£(b) — fla)| < K b~

i=1

Let f, f' € Ll(R)
® Then

but if M # 0 then



which is impossible, so M = 0 and

Ll

pointwise

X[nnt1) € L', -0

/ X[nn+1] = 1
R

but
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