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Integrals of a monotonically converging sequence of

functions

(Monotone convergence) Let fn : Rd → [0, ∞) be a sequence of measurable

functions and fn ↗
n→∞

f aeon Rd. Then

lim
n→∞

∫ fn = ∫ f

via Lebesgue integral from measure of undergraph

We have

fn ↑ f ⟹ ⋃
n

Ufn = Uf

Then by
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truncting at balls ⟹  integrals vanish at infinity

(Integrable functions on Rd "vanish at infinity") Let f ∈ L1(Rd). Then for all

ϵ > 0 there exists a ball BN(ϵ) ⊆ R
d such that

∫
Rd∖BN(ϵ)

|f| < ϵ

we have

m(Uf) = lim
n→∞

Ufn

Let

A1 ⊆ A2 ⊆ ⋯ ⊆ Aj ⊆ Aj+1 ⊆ …

is an increasing sequence of measurable sets.

Then

μ(⋃
j≥1

Aj) = μ(⋃
j≥1

(Aj ∖ (A1 ∪ ⋯ ∪ Aj−1)))

= ∑
j≥1

μ(Aj ∖ (A1 ∪ ⋯ ∪ Aj−1))

= lim
n→∞

∑
1≤j≤N

μ(Aj ∖ (A1 ∪ ⋯ ∪ Aj−1))

= lim
n→∞

μ( ⋃
1≤j≤n

Aj ∖ (A1 ∪ ⋯ ∪ Aj−1))

= lim
n→∞

μ(An)

For any g ∈ L1(Rd) take f := |g|. Consider the trunctation

f1BN
↗

N→∞
f

By

we have

∫
Rd

f1BN
∫
Rd

f

(Monotone convergence) Let fn : Rd → [0, ∞) be a sequence of

measurable functions and fn ↗
n→∞

f aeon Rd. Then

lim
n→∞

∫ fn = ∫ f

N→∞
−→
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truncating at {f ≤ N} ⟹  absolute continuity

(Absolute continuity of fdm) Let f ∈ L1(Rd). Then for all ϵ > 0 there exists

δϵ > 0 such that for every measurable set E such that m(E) < δϵ

∫
E

|f| < ϵ

This means ∀ϵ∃N(ϵ) such that

0 ≤ ∫
Rd

(f − f1BN(ϵ)
)

f1Bc

N(ϵ)

< ϵ

⟹ ∫
Bc

N(ϵ)

f < ϵ



For any g ∈ L1(Rd) take f := |g|. Consider the truncation

f1{f≤N} ↗
n→∞

f

By

∀ϵ∃N(ϵ) such that

∫
Rd

(f − f1{f≤N(ϵ)}) <
ϵ

2

(Monotone convergence) Let fn : Rd → [0, ∞) be a sequence of

measurable functions and fn ↗
n→∞

f aeon Rd. Then

lim
n→∞

∫ fn = ∫ f

Now pick δ(ϵ) such that

δ(ϵ) <
ϵ

2N(ϵ)

For any measurable E with m(E) < δ(ϵ) we have

∫
E

f = ∫
E

(f − f1{f≤N(ϵ)}) + ∫
E

f1{f≤N}

≤ ∫
Rd

(f − f1{f≤N(ϵ)}) + Nm(E)

≤
ϵ

2
+

ϵ

2
= ϵ
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Rf subobjects of and functions on Rn,T n,Sn,Cn

Lmeas Lebesgue measurable subsets of and functions on Rn,T n,Sn

int monotone Integrals of a monotonically converging sequence of

functions

stamp stamp

Rf subobjects of and functions on Rn,T n,Sn,Cn

Lmeas Lebesgue measurable subsets of and functions on Rn,T n,Sn

BMO Functions with uniformly bounded mean oscillations on cubes

decom bd Chebyshev's inequality

decom CZ Calderon-Zygmund decomposition

density Lebesgue density of measurable sets

DMO Functions with uniformly bounded mean oscillations on dyadic cubes

End int Volterra operator ∫[0,−] : L1
loc[0, 1) → C[0, 1)

f Measurable functions on Rn

f quant (ϵ,n)-measurable function

int Integrability and integral of measurable functions on Rn

int HL Hardy-Littlewood maximal functions of L1
loc

(Rn)

int mean Lebesgue averaging and differentiation

int monotone Integrals of a monotonically converging sequence of

functions

int undergraph Lebesgue integral from measure of undergraph

Lorentz Lp,q

unit mass E([0, 1]) = E(0, 1), E([−π,π]) = E(S 1)
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