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limx→a
f(x)

g(x)
 of functions f, g : U ⊆ R → R

For a differentiable function f : (−a, a) → R we know

f(0) = 0 ⟹ lim
x→0

f(x)

x
= f ′(0)

by definition.

(L'Hopital) Let f, g : (a, b) → R be differentiable, g, g′ ≠ 0 and limx→a
f ′(x)
g′(x) = A. If

⟹ lim
x→a

f(x)

g(x)
= A

⎧
⎨⎩

limx→a f(x) = 0 = limx→a g(x)
or
limx→a g(x) = ∞

Let f, g : (a, b) → R be differentiable, g, g′ ≠ 0.

Let limx→a
f ′(x)
g′(x) = A

we have ∀ϵ > 0, ∃cϵ such that

θ ∈ (a, cϵ) ⟹
f ′(θ)

g′(θ)
− A <

ϵ

2∣ ∣For any (x, y) ⊂ (a, cϵ), then by Ratio MVT, ∃θ ∈ (x, y) such that

f ′(θ)

g′(θ)
=

f(x) − f(y)

g(x) − g(y)

⟹
f ′(θ)

g′(θ)
− A =

f(x) − f(y)

g(x) − g(y)
− A <

ϵ

2∣ ∣ ∣ ∣Hence,∀ϵ, ∃cϵ such that

(x, y) ⊂ (a, cϵ) ⟹
f(x) − f(y)

g(x) − g(y)
− A <

ϵ

2∣ ∣If limx→a f(x) = 0 = limx→a g(x), we have
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∀ϵ ∃δ1
ϵ

x ∈ (a, a + δ1
ϵ ) ⟹ (

f(x) − f(y)

g(x) − g(y)
− A) − (

f(y)

g(y)
− A) <

ϵ

2∣ ∣∀ϵ let δϵ := min(δ1
ϵ , cϵ),

|y − a| < δϵ

for any x < y we have (x, y) ⊂ (a, cϵ) and |x − a| < δϵ < δ1
ϵ  we have both the

previous inequalities so

f(y)

g(y)
− A < ϵ∣ ∣stamp stamp
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discont types Types of discontinuities of functions on R

extremum Extremum of functions R → R
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Var and sequence of functions Total variation and sequence of continuous

functions
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