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Simple singularities of holomorphic functions

AKA Du Val singularity, rational double point also called simple surface singularity, Kleinian

singularity.
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M 4]
Example: The subgroup C n c SL(2,t) is given by the matrices ( g-q

0
where x runs through all n-th roots of unity. Let us denote
. 2
coordinates on € by U and V. Then one may take
x=uv, Y =1u0", anda z = -v"
as fundamental invariants satisfying the relation Xn+Yz = 0,
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The invariant polynomials in Cley, e5]

X :=eje9
Y :=e€}
Z := —ey
which satisfy
X"+YZ=0

Claim: variety/manifold? of non-regular orbits in C2/T" = level bifurcation set
A=0

We look at the homeomorphism

Cn/sn gTop X" + C[X]nfl
n n—1
[[(X =)~ () in X"+ ) XX

i=1 =0

and try to construct something similar for I' = Z,

exp (()i%) . (0_ i%)] Ej = exp (i) m +exp (~i) [fj

® Regular orbits <+ ones with |I'| number of elements
® Non-regular orbits <+ z; = 0 or 21 = F29 ++ (X)(X — 22) or (X)(X — 21) or (X — 21)2 or
X222
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Consider the germ of Aj-singularity S = V(2* + y* + 2°) C A”. Consider the
blow-up of this singularity.

A3 = {((z,y,2),(u:v:w)) € A3 x P?|zv = yu, 2w = zu, yw = zu}.

Take the chart u # 0, i.e. u=1. We get

Tw

What is § = 7=1(S\{0})? Consider first 2z # 0 (it means that we are looking
for 7! (S\{0})).

2?4+ 220% + 22w? = 0,2 £ 0,
1+v2+w?2=0,z2+#£0.

V(1 +v? 4+ w?) ¢ A3, What is 7 1(0)? Obviously it is the intersection of S
with the exceptional plane ((0,0,0),(u : v : w)). In this chart we just have to
set 2 = 0 in addition to the equation of the surface S.
g [ 1 = 0
- z = 0.
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the zero-level-set of a type A,-singularity

Level bifurcation set: 27A2 +4A3 = 0

left=-10; right=10;
top=10; bottom=-10;
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27y"2+4x"3=0

Current note has 0 direct children and 0 total descendants.

® stamp stamp
® Rf subobjects of and functions on R™, T, S™ C™
® RC ramified germs Ramified germs of smooth and holomorphic functions

® Hol modality 1 Simple singularities of holomorphic functions

And it has 1 siblings.

® stamp stamp
® Rf subobjects of and functions on R", T, S™ C"
® RC ramified germs Ramified germs of smooth and holomorphic functions

® Hol modality 1 Simple singularities of holomorphic functions

1. The ADE classification of singularities (singsurf.org) €2
2. SingSurf: Cubic surface Visualizer €2
3. mi.uni-koeln.de/~burban/singul.pdf <2
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