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Comparing a function and it derivative

Lipshitz bounds and bounds on derivatives

bounded derivative <= Lipshitz

Let

f: U(interval) CR — R
be differentiable.

® Then f being M-Lipshitz implies

fy) — fly+h)
h

<M — [fy)| <M

so f has a bounded derivative on U.

o I._et f have a bounded derivative on U, |f'| < M. Then for any z,y € U, by
B (Lagrange's mean value theorem) Let a continuous function
fila, b)) = R
be differentiable on (a,b). Then there is a point c € (a,b) at which

F(®) = f(a) = (b= a)f'(c)
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we have

fy) - f(=)

- =|f'el <M
y—x

dc € (z,y) : ‘

Thus, fis M-Lipschitz.

C! = locally Lipschitz

Let
fila,b] = R
be differentiable and
f :la,b] > R
e continuous. Then f’ is bounded, say |f'| < M. Then for any z,y € [a,b] by
(Lagrange's mean value theorem) Let a continuous function
f:la,b] > R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

f(b) = f(a) = (b= a)f'(c)
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e have

fy) - f(=)

- =|f'el <M
y—x

dc € (a,b) : ‘

Hence, f is Lipshitz continuous on [a, b].
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® Let f € Whi(a,b). For any £ € (a,b) we have
s =1+ [ f
® Then the derivation of f from f() is bounded by

F@)— £6)] = \/{ %

s
[2:t]
< / | f']
(a.b)

= 111,

® This implies, in particular, we can bound f as well

® ¢ [f f(a) =0 then we have

Hf”1 < ||f,||1 ’b_ a\
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e | & However, if f(a) # 0, then this inequality does not hold.

® However, this holds

1f = f@)ll < I, 16— al

C*(0,1) \ {0} — [0, 00)

141,
ST

Comearing 11l 9

® Let f € C(a,b) such that f' € L?(a,b).
® Then by
u
B (Intermediate value theorem for continuous [a,b] — R) Let
f :[a,b] — R be continuous and suppose there are two points a < 8

in [a,b] such that f(a) # f(B8). Then f(x) takes every value between
f(a) and f(B) for z € (o, B). That is

fle, B) 2 (f(a), £(B))

et k be a number between f(a) and f(8). Then apply

& f:[a,b] CR — R be continuous and suppose f(a), f(b) have >
opposite sign, that is,

f(a)f(b) <0
Then Jc € (a,b) such that
fle)=0

® Take f(a) > 0, f(b) <O.

® Define

¢ :=sup{z € [a,b] : f(z) > 0}

® This set has a and is bounded above by b. So ¢ exists and
c € (a,b).
® Assume f(c) #0
® 36 such that 6—B(c) has same sign as f(c) from the sign
property
® If f(¢) >0
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)
¢ —

then

z € (¢,0) = f(z)>0

meaning elements of (c,d) also belong to the above

set. Contradiction to the definition of c.
® Assume f(c)[](space. R.1. f.cont.
® Hence, f(c) =0.

for the function g: [a, 8] =& R

g(z) := fz) — k

Use the fact that continuous images of connected sets are connected.

we have a ¢ € [—r,r] such that

1
f =g [ 1

Purring £ = cin
]

® Then the derivation of f from f(§) is bounded by
/It
fl

|[f(z) = F(O)] =

3
f/
[z.€]

s/|ﬂ
(a,b)

=111l

and using Cauchy-Swartz || f'||; < (f(ab) 1) 1 f'Ily we have

[f(=) — £ < [b—all|f']],



< |b—al*[|£']l
1

Hf \b* al /(a,b)f

W . _

® Squaring and integrating, however, produces

2
1
f——/ f
H b—al Jiap

<[b—al?||f'|I3
2

We see
f € C'a,b] then and equality <—
Jup F=02nd f(a) = fy(b) B
£l < 22, | f@=csinT @0
for some ¢, € R
f(a) = f(b)
11, < L=y, (@) = esin -
fa, f_O
. 7 < 2=y, f(z) = ccos -

bounding 1 Il , on domains with C'-boundary

B (Poincare's inequality) Let U C R™ be a bounded, connected open subset with a
Cl-boundary dU. For p € [1, 00], there exists c¢(p,U) > 0 such that for every
u € WIP(U) we have
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