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Infinite limit of derivatives

if infinite limits of f, f ′ exist then f ′ → 0

Intuition

If f is a C1[a, ∞) curve on R such that it reaches f(x) f(∞) then it should be the

case that f goes slower and slower as x → ∞. So f ′(x) 0.

This however this is not true as if limit of f ′(x) does not exist as x → ∞

Examples: functions on [1, ∞) whose x → ∞ limit is 0 but their derivatives

oscillate or blows up.
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However, if f ′(x) f ′(∞) exists then the intuitive claim is right!

Suppose for a ∈ R we have continuous f, f ′ : [a, ∞) → R such that the limits

lim
x→∞

f(x), lim
x→∞

f ′(x) ∈ R

exist. Then

lim
x→∞

f ′(x) = 0

▛

lim
x→∞

f(x) = lim
x→∞

exf(x)

ex
= lim

x→∞
(f(x) + f ′(x))

For example:
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x→∞
−→

When γ

γ ′ = F(γ)

is solution of a autonomous continuous vector field F : [a, ∞) → R such that γ has a

t → ∞ limit γ(∞) ∈ [a, ∞), then we also have

γ ′(t) = F(γ(t)) F(γ(∞))

limit,

t→∞
−→

this is where the above theorem implies

γ ′(∞) = F(γ(∞)) = 0

So the (future) endpoint of the solution (if it exists, when it is a future-global

solution) has to be a fixed point of the autonomous system!
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1 at a point Functions (a, b) → R differentiable at a point

bd Comparing a function and it derivative

cont abs Absolutely continuous functions on [a, b] ↔ ∫[a,−](L1[a, b])

dist Distributional derivatives

double circle Double derivative/Laplace operator on the circle

frac Fractional derivative
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