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Laplace's method for approximating integral of e/ for
large M

Let f: [a,b] — R have a unique global maximum at z¢ € (a,b).

r

= Example

f(x)= 0.1(1-(x-0.5)"2)
e~{Mf(x)}
M=[1,5,10,20,60]

.

e

> Naive calculations

£@) = flazo) + EE 1(a) 1 O(a — 20)?

Then

/ erzer(wo)/ eM@f”(zO)/ eMO(z—20)*
[avb] [a,b] [a»b]

where

/ eM (I—;O)z f”(ﬁo) _ 2m
0,0 —Mf"(x0)

by Gaussian integral.
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B Let f € C?[a,b] and there exists a unique global maximum z; € (a,b) such that

f(zo) = s f(@), f"(z0) <0

z€lab
then

: Jian eM!
lim

M—o0 er(xo)

=1

27
—Mf"(zo)

® | ower bound

® Ve > 0,36 > 0 such that
z € Bs(zg) = f"(zo) — f'(z) <e€
= f"(x) = f"(z0) —€
® Because the above inequality is true on Bs(x) using

B (Mean value form of Taylor's theorem) Let f: [a,b] — R and a
positive integer n € Z-o with f(" is continuous on [a,b] and f
exists on (a,b). Then there exists c € (o, z) C [a,b] such that

=t *®) (a () (¢
f@) =Y (f . )(m—a>k) + 2 oy

k=0

(where the ¢ depends on z).

repeated use of mean value theorem

n—1 (k) a
P(z) := Z (f k'( ) (z — a)k>

k=0
For a fixed interval (o, 8) C [a,b], let M be the number defined by
f(z) = P(z) + M(B - )"
and put
g(t) := f(t) — P(t) — M(t —a)" ont € (a,b)
Then

g® @) =fO@) = PO @) — k! M(t — )" F
g™ () = F™(t) — n!M ont € (a,b)

and for 0 < k <n —1 we have

P (a)=fR(a) = g®(a)=0
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Also,
g(B) =0

from definition.

® Hence, as g(a) = 0 = g(8), by mean value theorem
Jz1 € (a,B) : g'(z1) =0

® Since ¢'(a) = 0 = ¢/(x1), by mean value theorem
Jzs € (a,21) 1 g (22) =0

® After n such steps

| IR
I oo . I I
a a T, Ty I 5 b

we arrive at the conclusion that
Jz, € (@, 2 1) C (o, 8) : ¢'(z,) =0
Hence, there is a ¢ € (o, B) such that

f(") (¢) =n!M

and same § gives
(:13 - w0)2 "
x € Bs(zo) = f(x) > f(x0) + T(f (o) —€)
Because e* > 0 we have

/ erZ/ eMf
[a,b] BJ(wO)

which along with

/ Mf(0)+ 25502 (£1()—e)
B;s

(S
Z0)
_ o Mf(a) 2m
—M(f"(x0) — €)

gives



M
N AT

e>0 = _J
nM 2 f” 330 — €
eaf"M f(zo) —Mfﬁ(xo) ( )

®* Upper bound
® Let f"(zo) + € < 0 then by
]

B (Mean value form of Taylor's theorem) Let f: [a,b] — R and a
positive integer n € Z-o with f(" is continuous on [a,b] and f
exists on (a,b). Then there exists ¢ € (o, z) C [a,b] such that

nl (0 (a (™) (¢
f(x)zz<fk!()(m_a)k)+f (©) (o

|
=0 n.

(where the ¢ depends on z).

repeated use of mean value theorem

n—1 (k) a
P(z) := Z (f k'( ) (z — a)k>

k=0

For a fixed interval (o, 8) C [a,b], let M be the number defined by
f(2) = P(z) + M(8 - a)"
and put
g(t) := f(t) — P(t) — M(t —a)" ont € (a,b)
Then

g® @)= fO@) = PO @) — k! M(t — )" F
g™ () = FM(t) — n!M ont € (a,b)

and for 0 < k <n — 1 we have
P¥(a) = f¥(a) = g¥(a) =0
Also,
9(8) =0

from definition.

® Hence, as g(a) = 0 = g(B), by mean value theorem
Jz1 € (@, 8) 1 g'(z1) =0
® Since ¢'(a) = 0 = ¢g'(x1), by mean value theorem

Jzs € (a,z1) : g'(x2) =0


af://h3-3

® After n such steps

R
I I oo . I I
a a T, 9 T ﬂ b

we arrive at the conclusion that
3z, € (a,zn-1) C (o, B) : ' (z5) =0
Hence, there is a ¢ € (a, B) such that

F™(c) = nIM

Taylor's theorem, we find § > 0 such that

(x — x0)2

T € BJ((L’()) - f(w) < f(:l!o) + 2

(f"(zo) +€)

® Because a,b € R we have 1 > 0 such that

z € [a,b]\ By = f(z) < f(z0) =1

® Now
Lo <Lyt f)
[a‘vb] [a‘vb}\BtS Bt?(zﬂ)
< (b— a)eMF@)m 4 / M (o) + 10 (1 (2y) )
Bi(zg)
"27r
“M(7(ag)+e)
so we have
M
Jan e
e>0—
Mf(z 2
M1 [ i

i | PG [ )
<(b—a)e -M or T i) — ¢
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® stamp stamp
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® int
® by parts Integration by parts

® |aplace method Laplace's method for approximating integral of e™/f for

large M
® open Clbd Integral on bounded open subsets of R™ with C! boundary

® R Riemann-Darboux and Riemann-Stieltjes integrals
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