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Riemann-Darboux and Riemann-Stieltjes integrals

Let [a,b] be a compact interval. A partition of [a,b] is a finite set of points
{zr|]1 <k <n} C la,b
a=z0<z1 <--<xz® =0
in [a, b]. The differences are
Az;:=z; —z;

foreach 1 <i <n.

<9 Definition. Darboux integral

Let

fila, 0] = R

be bounded. Then the upper Darboux sum T[a b f and lower Darboux sum f[

inf b—a
(1) 1=l

{zo,..., 2} C [a,b]
< / f :=sup Z ( inf f) Ax; is a partition

b]foff

are the following

—a,b) 15k2n el for somen > 1
— {zg,...,z,} C [a,b]
< / f:=inf Z sup f|Az; is a partition
[a,b] 1<k<n \[zi-1,@i] for somen > 1

<|supf][b—a
0.t
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If the upper and lower Darboux sum are equal, then the Darboux integral of f on [a,b] is

/[a,b} /= 7[«1,17] I= Z[a,b} d

.
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<9 Definition. Riemann integral

(&

integration and differentiation

B Let f be Riemann-Darboux integrable on [a,b] and let F be differentiable on
[a,b] such that F’ = f. Then

f=F(b) - F(a)
@]

for Riemann integral

for Darboux integral

Let € > 0. Then as f is Riemann-Darboux integrable there exists a parition

{zo,...,2n} C [a,b] so that

> <[ inf f)Am,-— > < inf f)Ami

15%2n Ti-1,%;] 15%=n [@i—1,4)

<€

® Then by


af://h2-2
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B (Lagrange's mean value theorem) Let a continuous function

f:la,b] = R

be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

f(®) — f(a) = (b—a)f'(c)
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there are points ¢; € [z; 1, ;] such that
F(:Ill) — F(:L’ifl) = f(tl)A:rl

forl1 <i<n.
® Thus



6.7 Theorem
(@) If (13) holds for some P and some ¢, then (13) holds (with the same &)
for every refinement of P.
(b) If (13) holds for P ={xy, ..., X,} and if s;, t; are arbitrary points in
[Xi-1, xi], then

3. 11060 =£0)] Aoy <.
(©) Iffe R(x) and the hypotheses of (b) hold, then
3 1) A~ [ 1
i=1 a

Proof Theorem 6.4 implies (a). Under the assumptions made in (b),
both f(s;) and f(¢,) lie in [m;, M}, so that |f(s;) — f(t))| < M; —m,. Thus

3. 1560 = f| Aoty < UP.f, ) = L(P. 1, 0,

<Eé&.

which proves (b). The obvious inequalities
L(P, f,0) < Y f(t)) A, < U(P, f,0)

and
L(P,f,0) < [ fda < U(P, f, &)
prove (¢).
we have
F(b) — F(a) — fl <
] (b) - F(a) /[a,b] .
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