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Riemann-Darboux and Riemann-Stieltjes integrals

Let [a, b] be a compact interval. A partition of [a, b] is a finite set of points

{xk|1 ≤ k ≤ n} ⊂ [a, b]

a = x0 ≤ x1 ≤ ⋯ ≤ xn = b

in [a, b]. The differences are

Δxi := xi − xi−1

for each 1 ≤ i ≤ n.

Darboux integral

Let

f : [a, b] → R

be bounded. Then the upper Darboux sum ∫ [a,b] f and lower Darboux sum ∫
[a,b]

f of f

are the following

–

–

( inf
[a,b]

f) |b − a|

≤ ∫
[a,b]

f := sup ∑
1≤k≤n

( inf
[xi−1,xi]

f)Δxi

≤ ∫
[a,b]

f := inf ∑
1≤k≤n

( sup
[xi−1,xi]

f)Δxi

≤(sup
[a,b]

f) |b − a|

–

⎧⎪⎨⎪⎩ ∣{x0, … , xn} ⊂ [a, b]

 is a partition

for some n ≥ 1

⎫⎪⎬⎪⎭–⎧⎪⎨⎪⎩ ∣{x0, … , xn} ⊂ [a, b]

 is a partition

for some n ≥ 1

⎫⎪⎬⎪⎭
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If the upper and lower Darboux sum are equal, then the Darboux integral of f on [a, b] is

∫
[a,b]

f := ∫
[a,b]

f = ∫
[a,b]

f

Riemann integral

integration and differentiation

Let f be Riemann-Darboux integrable on [a, b] and let F be differentiable on

[a, b] such that F ′ ≡ f. Then

∫
[a,b]

f = F(b) − F(a)

for Riemann integral

for Darboux integral

–

–

Let ϵ > 0. Then as f is Riemann-Darboux integrable there exists a parition

{x0, … , xn} ⊂ [a, b] so that

∑
1≤k≤n

( inf
[xi−1,xi]

f)Δxi − ∑
1≤k≤n

( inf
[xi−1,xi]

f)Δxi < ϵ∣ ∣Then by
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there are points ti ∈ [xi−1, xi] such that

F(xi) − F(xi−1) = f(ti)Δxi

for 1 ≤ i ≤ n.

(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)

Thus

n

∑
i=1

f(ti)Δxi = F(b) − F(a)

By
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F(b) − F(a) − ∫
[a,b]
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