
Info

This note found here

as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,

created on November 30, 2024 9:36:10 PM,

and was last modified on June 12, 2026 11:24:16 AM.

Inverse of differentiable maps

differentiable at a point

Example

Even if a function is smooth everywhere except a differentiable point, it may not be locally

injective.

for C1 maps

(Inverse function theorem) Let

f : E (open) ⊆ R
n → R

n

Proposition: The differentiable map

is C∞(R ∖ {0}) and has derivative 1 at 0, however it not injective on any onb

of 0.

R → R

x ↦ x + x2 sin
1

x

left = -1

right = 1

top = 1

bottom = -1

---

x+x^2 \sin(1/x)
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be C1(E) with Daf invertible for some a ∈ E. Then there is a open subset

U ⊆ E such that f is one-one on U, f(U) is open and

f −1 ∈ C
1(f(U))

fixed points of the pre-shifters

Pre-shifter of a map

Let

f : E (open) ⊆ R
n → R

n

be such that Daf is invertible for some a ∈ E. For each y ∈ Rn, the pre-shifter at y is the

map

that is, pre-shifter (at y) of x is the unique vector Pyf(x) such that

Intuition

As

Df : E → MatR(n)

is a continuous map there is an open ball B(a) ⊆ E such that ∀x ∈ B(a) we have

∥Dxf − Daf∥ <
1

2 ∥(Daf)−1∥

Pyf : E → R
n

Pyf(x) := x + (Daf)−1(y − f(x))

= x − a + Z−1
a (y − f(x) + f(a))

Pyf(x) − x y − f(x)

⟺ Pyf(x) − x + a y − f(x) + f(a)

Daf
∣−→

Zaf
∣−→
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The pre-shifter of f (at y) of x is the approximate point x must be shifted to, so that f

approximately maps x to y.

Proposition: A map f sends x to y ⟺  the pre-shifter of f (at y) has x as a

fixed point

f(x) = y ⟺ Pyf(x) = x

(Daf)(Pyf(x) − x) = y − f(x)

Since

so by

x ∈ B(a) ⟹ ∥DxPyf∥ <
1

2

DxPyf = Id − (Daf)−1Dxf

= (Daf)−1(Daf − Dxf)

As

Df : E → MatR(n)

is a continuous map there is an open ball B(a) ⊆ E such that ∀x ∈ B(a) we

have

∥Dxf − Daf∥ <
1

2 ∥(Daf)−1∥

Hence, by

Let

f : U  (open, convex) ⊆ R
n → R

m

be differentiable

Df : U → EndVecR(Rn,Rm)

such that the operator norm of the derivative on U is bounded by

M

∀x ∈ U , ∥Dxf∥n→m ≤ M



for maps differentiable everywhere

Current note has 0 direct children and 0 total descendants.

we have

∀x1,x2 ∈ B(a), ∥Pyf(x1) − Pyf(x2)∥ ≤
1

2
∥x1 − x2∥

█

Then f is M-Lipshitz on U

∀x, y ∈ U , |f(y) − f(x)| ≤ M |y − x|

▛

Thus, Pyf has at most one fixed point in B(a) so f|B(a) is one-one.

Choose f(x0) = y0 ∈ f(B(a)) such that and a closed ball Bβ(x0) ⊂ B(a).
–

Fix y ∈ Rn such that

∥y − y0∥ <
r

2 ∥Daf∥

then

Hence, Pyf(x) ∈ Bβ(x0).

∥Pyf(x0) − x0∥ = (Daf)−1(y − y0) <
r

2

x ∈ Bβ(x0) ⟹ ∥Pyf(x) − x0∥ ≤ ∥Pyf(x) − Pyf(x0)∥ + ∥Pyf(x0) − x0∥

< r
2

≤
1

2
∥x − x0∥ +

r

2
≤ r∥ ∥–

Thus,

Pyf : Bβ(x0) → Bβ(x0)

is a contraction on a complete metric space, so there exists a fixed point x of Pyf

⟹  f(x) = y

––

So each y0 ∈ f(B(a)) has a ball around it inside f(B(a)), so f(B(a)) is open.

stamp stamp

Rf subobjects of and functions on Rn,T n,Sn,Cn

mapping

af://h2-5
https://rupadarshiray.github.io/notes/wiki.stamp.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.pdf


And it has 4 siblings.

inverse Inverse of differentiable maps

stamp stamp

Rf subobjects of and functions on Rn,T n,Sn,Cn

mapping

balls Mapping balls

inverse Inverse of differentiable maps

mean value Mean value property of functions

seqf Sequence of functions on Rd
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