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Mean value property of functions
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B (Extremum value theorem for continuous [a,b] — R) Let
f:la,b] - R

be continuous, then a global maxima and a minima exists M, m € [a,b] for f.
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4 N\
E A continuous function from a compact metric space to R has a global >
maxima and a global minima.

® |mage is a compact subset of R, so it closed and bounded, so its sup and inf is
in the set.

® The sup and inf are global maxima and minima.

|

we already know any continuous function on [a, b] has a global maxima and a global minima.
There are two possibilities

® at least one extremum is in the interior (a,b)

® maxima and the minima both extremums are at the boundary points a,b
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Obviously it is possible to have f’' # 0 on [a,b] for a continuous function on [a, b] that is

differentiable function on (a,b), just take f(z) =z on [0, 1].

Cla, b] functions with fixed endpoints differentiable on (a,b) have
at least one stationary point

But what if we demand the endpoints have the same value. This defines a function

f:la,b] = R

fla) = f) TS R

on the circle

[a, b]
a~b

~ 1
=Man S

but the hypothesis of f being differentiable on (a,b), this just says f is differentiable on S*

except at one point.

B (Rolle's theorem extended by Cauchy) Let a continuous

fila, b)) = R
f(a) = f(b)

such that
f': (a,b) — R U {oo, —c0}
exists. Then there is a point in the interior where the derivative is zero

dec € (a,b) such that f'(c) =0
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B (Extremum value theorem for continuous [a,b] — R) Let
fila,b] = R

be continuous, then a global maxima and a minima exists M, m € [a, ]
for f.

S |

B A continuous function from a compact metric space to R hasa >
global maxima and a global minima.

® |mage is a compact subset of R, so it closed and bounded, so its sup

and inf is in the set.

® The sup and inf are global maxima and minima.
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Define M, m such that f(M) = sup f and f(m) = inf f
® |f one of M, m is in the interior (a,b) then f'(m) =0 or f'(M) =0 at that

extremum value because of
| |

B (Derivative, if it exists, must be 0 at local extremas) Let a
function f : (a,b) — R have a local maxima or minima at
€ (a,b). If f has an extended derivative at c then the
derivative must be zero

f'(c) eRU{—00,00} = f'(c)=0



Therefore,

{local extremum of f} C Z(f")

o |

B (Strictly positive derivative = locally (strictly)
increasing) Let f: (a,b) — R be differentiable at c € (a,b)
and

f'(e) >00r + o0

then there is a I(c) C (a,b) in which f(z) — f(c) has same
sign as = — ¢, that is, f is strictly increasing on I(c).

® If f'(c) > 0, then by
n
® let f: (a,b) — R be differentiable at ¢ € (a,b).

® Define

c Ir —C

flz) = fle) .
() :_{ ifx #c
f'(e) ife=c

I ® f*is continuous in (a,b).

® So we can write f as

f(x) = f(c) = (z — o) f ()

for an unique continuous f.

we have
f(@) = fle) = (z — o) f2 ()

for a continuous f}

B (Continuity preserves sign locally): Let I(c) be an
interval containing ¢ and

f:Ic)cR—=R

be continuous at ¢ € I(c), f(c¢) # 0. Then for
€ := |f(c)|/2 there is an interval around c such that

3I5(c) C f7'Ie(e)) S I(c)
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Thus on this interval, image of f is in

L(c) = f(c) + (_ |f(20)|, |f(26)|>

—> f has the same sign as f(c) on Is(c).

, there is a I(c) C (a,b) in which fX(z) has same sign as
f*(e) =f'(c) > 0.

® This means f(z) — f(c) has same sign as z — c.

the derivative cannot be positive or negative or +00, otherwise it will be

strictly increasing locally. So the derivative must be 0

® If M,m € {a,b}, then
fla)=f() = M=m
so the minima and maxima values are equal so the function must be a constant:

f(a) = f(b) = f(z) for all x € (a,b). A constant function is always differentiable

and derivative is zero: f'(z) = 0 for all z € (a, b).

® From the proof of Rolle's theorem, we know more about the point ¢, as we may choose ¢

to be a global maximum or a global minimum for a non-constant f.
® |f f is non-constant, global max and min must be necessarily have different values and

are on two distinct points M, m where
F(M) := sup fla,b] # f(m) := inf f[a,b)

® [n general both points would not be in the interior or have derivative zero by the example
of (1 —x) on [0,1].

2 Example
z(1—z) on [0,1]
left=-1; right=2;

top=1; bottom=-1;

x(1-x)

mean value theorems
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Even though the statement does not contain all the information from the proof, still the

statement of Rolle's has consequences.
8 (Lagrange's mean value theorem) Let a continuous function
f:la,b] - R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

f(b) = f(a) = (b —a)f'(c)

B (Cauchy's mean value theorem) Let two continuous
(f,9) : [a,b] - R?
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

(f(b) = f(a))g'(c) = (9(b) — g(a))f'(c)

Z (f(a/)/gfa))

— >

4




applying Rolles' on

Cauchy's mean value
theorem

B (Cauchy's mean valu
theorem) Let two
continuous

(f,9) : [a,0] » R?

be differentiable on
(a,b). Then there is ¢
point c € (a,b) at
which

(f(b) = f(a))g'(c) = (g

The difference
h(t) == (f(b) — f(a))g(?) -

onté€ [a,b], Then his
continuous on [a, b] and
differentiable in (a, b)

and

h(a) = f(b)g(a) — f(a)g(t

>
o
<
<

B (Rolle's theorem
extended by
Cauchy) Let a
continuous

f:la,b] = R
f(a) = £(b)

such that

f':(a,b) > R U

the difference
h(t) := (f(b) — f(a))g(t) — (g

ont¢€ la,b], Then his
continuous on [a, b] and
differentiable in (a,b) and

h(a) = f(b)g(a) — f(a)g(b) =
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so the
minima
and
maxima
values are
equal so
the
function
must be a
constant:
fla) = f(b)
for all

z € (a,b).
A
constant
function is
always
differentia
ble and
derivative
is zero:
fi@) =0
for all

z € (a,b).

applying Rolles' on

Lagrange's mean value
theorem

In the generalized mean
value theorem we put

gt) =t
h(t) == (f(a) — f(b))t — (b —¢
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applying Rolles' on

then

h(a) = f(b)a — f(a)b = h(b)

(F(b) - fa))c = = (b — a®)f

2

put g(t) = % we have

for determinants Let three continuous We observe
g1,92,93 : [a,b] = R gi(z) gh(z) ¢
D'(z) = det a a)
be differentiable on (a,b). (@) gi(a) - g:(a) ¢
g1(b)  g2(b)
Then for
n(@) ga(z) g 2
D(z) := det | g1(a) g2(a) d D(a) = 0 = D(b)
gi(b) g2(b) ¢
thus we apply Rolle's mean
value theorem on D itself.
monotonicity
Corollary of mean value theorem: If
f:(a,b) > R

is differentiable, then for any proper subinterval (z1,z2) C (a,b) by mean value

theorem we have

Thus

Jz € (z1,22) : f(z2) — f(z1) = (22 — 1) f' ()
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Hypothesis on

Consequence of

Corollary of mean value

theorem: If
f:(a,b) >R

is differentiable, then for any
proper subinterval
(z1,22) C (a,b) by mean value

theorem we have

dz € (z1,22) : f(ze) — f(z1) = (22 -

f' > 0on (a,b)

Vo < x5 € (a,b), f(z1) — f(z2) >0

thus f is increasing on (a, b)

f'=0on (a,b) Vz; < 23 € (a,b), f(z1) — f(z2) =0
thus f is constant on (a,b)
f'<0on(a,b) Vz1 < z2 € (a,b), f(z1) — f(z2) <0

thus f is decreasing on (a,b)

f' <0on (a,b)

V1 < z2 € (a, b), f(:l:l) — f(iL’Q) <0

thus f is strictly decreasing on (a, b)

f' > 0on (a,b)

vwl <y € (aa b)af(wl) - f(‘,EZ) >0

thus f is strictly increasing on (a,b)

f' = ais a constant on (a,b) or
fll — 0

on (a,b)

f(z) — ax has zero derivative, thus f is
linear

f(z) = f'(0)x + £(0)
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Hypothesis on
f/l

or higher derivatives

onsequence of

Corollary of mean value

theorem: If
f:(a,b) >R

is differentiable, then for any
proper subinterval
(z1,22) C (a,b) by mean value

theorem we have

dz € (z1,22) : f(ze) — f(z1) = (22 -

IllIIllIIllllllllllllllllllllllllln

f' = ais a constant on (a,b) or

f(z) — ax has zero derivative, thus f is
linear

f” — 0
f(z) = f'(0)x + £(0)
on (a,b)
>0 f<w+y)§f(m)+g(w)
2 2
on (a,b)
thus f is convex on (a,b)
<0 f<x+y>2f(m)+g(a:)
2 2
on (a,b)
thus f is concave on (a,b)
f is a polynomial
fm =g
n—1 r(k)
on (a,b) flz) = f k'(O) zk
k=0 :

intermediate value property of derivatives

B Let

f:la,b] > R

be differentiable and A € (f'(a), f(b)). Then there is a ¢ € [a, b] such that

f'le) = A

bounded derivative and uniform continuity
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Let

f:U(interval) CR — R

have a bounded derivative |f'| < M for some M > 0. Then for every z,y € U by
8 (Lagrange's mean value theorem) Let a continuous function
f:la,b] = R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

f(®) = f(a) = (b—a)f'(c)

there is a ¢ € (z,y) such that
fly) — f(=) = (y —2)f'(c)
1f(y) — f(2)] = ly — 2| [f'(c)]
< Mly—z|
So for any € > 0 choosing ¢ := ¢/ M we have
zyeUly—el<6=— — [fy) - f@)| < M- =e

Hence, f is uniformly continuous on U.

C! = locally Lipschitz

Let

f:la,b] - R
be differentiable and

f :[a,b] = R

be continuous. Then f’ is bounded, say |f'| < M. Then for any z,y € [a, b] by


af://h2-7

B (Lagrange's mean value theorem) Let a continuous function
f:la, b)) = R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

F(®) = f(a) = (b—a)f'(c)

s
@
>
)
<
@

fly) — f(z)

el ITUCIEY

dec € (a,b) : ‘

Hence, f is Lipshitz continuous on [a, b].

bounded derivative <—- Lipshitz

Let

f:U(interval) CR — R
be differentiable.
® Then f being M-Lipshitz implies

fly) — fly+h)
h

<M = [f'(y)| <M

so f has a bounded derivative on U.

4 I._et f have a bounded derivative on U, |f'| < M. Then for any z,y € U, by
B (Lagrange's mean value theorem) Let a continuous function
fifa, 0] = R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

£(®) = f(a) = (b—a)f'(c)
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f(a)

we have

fy) - f(=)

ey OIS

dc € (z,y) : ‘

Thus, fis M-Lipschitz.

differentiable functions on the circle

O Bug

|

If we have a differentiable function on the circle S, that is equivalent to a continuous

fila, b = R
f(a) = f(b)

which is differentiable on (a,b) and the left hand derivative at b = right hand derivative at
a.

Then such a non-constant f has distinct maxima and minima

f we have a differentiable non-constant function on S then we have

f(M) := sup fla,b] # f(m) := inf fla, b]
f'(M) =0= f'(m)

mean value for f: U C R" - R

® |et

f:U (open) CR" - R

be differentiable

df : U — R™
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® For any z,y € U such that the line segment zy C U we have

foxzy:[0,1 - R
t = f((1—t)z + ty)

<

B (Lagrange's mean value theorem) Let a continuous function
fila, b)) = R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

F(6) = f(a) = (b—a)f'(c)

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE w

there is a ¢ € (0,1) such that

£6) ~ £(z) = TH( D)z + 1)
= d(lfc)ercyf(y )

t=c

® This implies

|f(y) - f(il?)| < Hd(lfc)aH»cyf‘

poe Y — |

for the operator norm on R™.

B Let
f: U (open, convex) C R” — R™
be differentiable
Df:U — EndVecg(R",R™)
such that the operator norm of the derivative on U is bounded by M

Ve e U, | D f| <M

n—m



Then f is M-Lipshitz on U
Va,y € U, |f(y) — f(z)| < M|y — x|

1 Example

bounded derivative but non-Lipshitz

The operator norm of the derivative

Vai+y? 1

.’E2—|—y2 o /$2+y2

is bounded on complement of the unit disk

146]| =

48] < Ton (B?\ (~00,0)) \ D

However,

8(=2,6) — 6(~2,—¢)| e 2
(02,6 — (—2,—¢)| 2

Therefore,

0(y) — 0(x)| < ||d0| |y — =|
<1

does not hold.

[1]

1. https://math.stackexchange.com/questions/704108/a-generalization-of-the-mean-value-theorem

o
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https://math.stackexchange.com/questions/704108/a-generalization-of-the-mean-value-theorem

Current note has 1 direct children and 1 total descendants.

® stamp stamp
® Rf subobjects of and functions on R™,T™, S™ C"
® mapping
® mean value Mean value property of functions

® jterative Taylor's theorem

And it has 4 siblings.

® stamp stamp
® Rf subobjects of and functions on R™,T", S™ C"
® mapping
balls Mapping balls

® inverse Inverse of differentiable maps

® mean value Mean value property of functions

seqf Sequence of functions on R?


https://rupadarshiray.github.io/notes/wiki.stamp.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.mean_value.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.mean_value.iterative.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.balls.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.inverse.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.mean_value.pdf
https://rupadarshiray.github.io/notes/wiki.stamp.Rf.mapping.seqf.pdf
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