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Asymptotics of monotonically increasing functions

[0, ∞] → [0, ∞]

Let

f, g : [0, ∞] → [0, ∞]

be functions.

Then if (also equivalent to)

f ≲ g

 or g ≳ f or f = O(g)

f is less that some positive 

scaling of g 

∃c > 0 : f ≤ cg

 "f grows at worst g-ly"

"eventually f ≲ g"

f is comparable to g 

f ≍ g

f can be sandwiched 

between positive scalings of g

 

∃c1, c2 > 0 : c1g ≤ f ≤ c1g

f ≲ g and g ≲ f

f is negligible to g 

f ≪ g

 or f = o(g)

ρ1 ⪯ ρ2
ρ1 is less than some positive 

scaling and translate of a 

scaled and translated ρ2  

∃a, b > 0, c, d ≥ 0 : ρ1(r) ≤ aρ

lim
t→∞

f(t)

g(t)
= 0

⟺ ∀ϵ > 0∃T > 0 : f ≤ ϵg on

⟺ ∀ϵ > 0, f ≲ ϵg on (Tϵ, ∞)
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Then if (also equivalent to)

ρ1 ≃ ρ2 ρ1 ⪯ ρ2 and ρ2 ⪯ ρ1

f
→t0∼ g

 for t0 ∈ [0, ∞]

lim
t→t0

f(t)

g(t)
= 1
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And it has 1 siblings.

Exercise

rd ≃ rD ⟹ d = D

Exercise

eαr ≃ eβr for all α,β > 0
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