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Quasiconformal maps on C

<9 Definition. Quasiconformal maps between open subsets of C

Let U,V C C and K > 1. Then a homeomorphism
f:U—=V

is K-quasiconformal if its distributional partial derivatives are in L2 (U) and satisfy
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® The set of all such maps
2x(U,V) C Hi,.NC(U)
is contained in the set of all quasiconformal maps

2U,v):= | 2«(U,V)

K>1

® We also have the set of all quasiconformal mapping into C 2(U) := Uy 2(U,V)
and QK(U) = UVQ(C .,@K(U, V)

® We have the Beltrami coefficient of a quasiconfomal map

p:2U) — L*(U)
b6\
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and the eccentricity
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The smallest K such that f is K-quasiconformal is called the quasiconformal constant
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B (Weyl's lemma)
2:(U,V)c oUu,V)

E The map
w:2U) — L*(U)
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is surjective and the fiber containing f € 2(U) is precisely left composition of f
by injective holomorphic mappings

p T (p(f)) = {eo flp € 21(F(U))}
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extension to boundary

8
Ox(HE, HE) — C(RP',RPY)

and

Ox(HZ, HE) — Ox(CP',CP')
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® quasiconformal

® 2 Quasiconformal maps on C
And it has 2 siblings.
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Theorem 4.6.1 (The mapping theorem)

1. Let U C C be open and let u € L*®(U) satisfy ||u|loo < 1. Then
there exists a quasiconformal mapping f:U — C satisfying the
Beltrami equation

of _ of
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2. If g is another quasiconformal solution to equation 4.6.1, then

there exists an injective analytic function ¢ : f(U) — C such that
g=ypof.

4.6.1
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