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Quasiconformal maps on §™ =~ R”

Vs

<9 Definition. Quasiconformal maps between open subsets of R”

Consider a homeomorphism f: U; C R® — Uy C R™ between two open subsets Uy, Us.
The linear dilation of f at x € Uj is

1 |f(z) — f(¥)|
H,(f) := hrilj(}lpsup {m y,z€e U N Sr(w)}

_ limsup sup {|f(z) — f(y)|ly € Uy N B,(r)}
r—0 inf{[f(z) — f(y)|ly € U1 \ Ba(r)}

The homeomorphism f is quasiconformal if sup,y;, Hz(f) < co.

1D fl| < M

sup @) W _ SWPes
y,2€5,(z) |f(z) — f(2)] inf e, (z)

sup < sup
yeS,(z) yEB,(z)

and

inf < inf
y¢B(z)  y€Si(z)

f(@) — f@)] < M(ry)
1 1
@) — 7] = misn)
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SUPyes,(x) SUPyc B, (z) < lim sup SUPycg,(z)

infzeS,(ac) B infz%Br(x) r—0 lanGST(x)

quasisymmetric mappings

3 Quasisymmetric mappings

By Theorem 2.1 we know that quasiconformality implies the uniform local
boundedness of Hy(z,r). We introduce the equivalent concept of quasisym-
metry that turns out to be very useful.

Let X and Y be metric spaces and let n : [0,00) — [0,00) be a homeo-
morphism. A homeomorphism f: X — Y is n-quasisymmetric (n-qs), if

@) - f@)] _ (la— 1]
|ﬂ®—f@ﬂ§n<%—ﬂ>

for all a # x # 0.

3.1 Remark. If f is n-quasisymmetric, then

B Li(z,7)

Hf(l',?“) _ lf(l‘,?“) S 77(1)

So, quasisymmetric mappings are quasiconformal.

We next prove that quasiconformal mappings are locally quasisymmetric.

3.2 Theorem. Let f : B(xzg,3ry) — ' C R" be a homeomorphism such
that Hy(z,r) < H for all @ € B(zg, 1) and 0 <7 < 2ro. Then f, = is
n-quasisymmetric, where n depends only on n and H.

regularity of quasiconformal mappings

8 4.1 Proposition. Let f: Q2 — € be a homeomorphism. Then
| f(B(z,1))|
!/ — 1 ‘f( Y
) = B, )

exists almost everywhere in Q, belongs to Lj, (©2) and

AuﬂmeqﬂEn

for each Borel set E C 2, with equality whenever |A| = 0 implies | f(A)| = 0.
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B Let f: Q1 CR™ — Q92 CR"™ be a homeomorphism. The function

Ly(z,
L¢(z) := limsup M

r—0 r

is Borel measurable and
Bi(@) < Ly(o)" < Hy(w)"i(x)
for almost every z € Q,. In particular, L; € L} (©2;) then f is quasiconformal.

[1]

Consider the closed subsets

Ap = {x € E‘VO < |n| < d(E;Laﬂ), biC +’|L})l|_ @)l %}

then for compact E

{Ly<ty={J 4,

n>1

= 4.10 Lemma. (Reverse Holder Inequality) Let f be n-quasisymmetric

on 2B C R". Then y
<][ L?) < C’(n,n)][ Ly.
B B

4.12 Corollary. Let f : Q — @ be quasiconformal, where Q,Q C R",
n > 2. Then |f(E)| =0, if and only if |E| = 0. In particular,

mwzé%w

for Borel (and all Lebesgue measurable) sets E, and f maps Lebesgue mea-
surable sets to Lebesgue measurable sets. Moreover, u;(x) > 0 almost ev-
erywhere.

® Let m(E)=0.
® Given € > 0 consider an open set V with ECV C U and m(V) < e

® For each x € E we pick

such that Bys,(z)(z) C V.



® Letting € — 0 we conclude m(f(E)) = 0.

Current note has 0 direct children and 0 total descendants.

® stamp stamp
® Rf subobjects of and functions on R™,T™, S™ C"
® quasiconformal

® n Quasiconformal maps on S™

And it has 2 siblings.

® stamp stamp
® Rf subobjects of and functions on R™, T S™ C"
® quasiconformal
® 2 Quasiconformal maps on C

® 1 Quasiconformal maps on S"

4.2 The maximal streching

Set

L
Ls(z) = lim Sélp@.

4.4 Lemma. Let f : Q@ — Q' be a homeomorphism. The function L; is
Borel measurable and

pp(e) < Ly(z)" < Hy(x)"wy(z)

for almost every x € Q. In particular, Ly € L .(2) when f is quasiconformal.
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