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Quasiconformal maps on S n ≅Rn
∞

Quasiconformal maps between open subsets of Rn

Consider a homeomorphism f : U1 ⊆ R
n → U2 ⊆ R

n between two open subsets U1,U2.

The linear dilation of f at x ∈ U1 is

The homeomorphism f is quasiconformal if supx∈U1
Hx(f) < ∞.

∥Dxf∥ ≤ M

sup
y,z∈Sr(x)

|f(x) − f(y)|

|f(x) − f(z)|
=

supy∈Sr(x)

infz∈Sr(x)

sup
y∈Sr(x)

≤ sup
y∈Br(x)

and

inf
y∉Br(x)

≤ inf
y∈Sr(x)

sup sup sup

–

Hx(f) := lim sup
r→0

sup{ |f(x) − f(y)|
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Let f : Ω1 ⊆ R
n → Ω2 ⊆ R

n be a homeomorphism. The function

Lf(x) := lim sup
r→0

Lf(x, r)

r

is Borel measurable and

μ′
f(x) ≤ Lf(x)n ≤ Hf(x)nμ′

f(x)

for almost every x ∈ Ω1. In particular, Lf ∈ Ln
loc(Ω1) then f is quasiconformal.

[1]

Consider the closed subsets

An := {x ∈ E ∀0 < |h| <
d(E, ∂Ω)

n
,

|f(x + h) − f(x)|

|h|
≤ t −

1

n
}

then for compact E

{Lf < t} = ⋃
n≥1

An∣Let m(E) = 0.

Given ϵ > 0 consider an open set V  with E ⊂ V ⊂ U and m(V ) < ϵ

For each x ∈ E we pick

Br(x)(x)

such that B15r(x)(x) ⊂ V .
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Current note has 0 direct children and 0 total descendants.

And it has 2 siblings.
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Letting ϵ → 0 we conclude m(f(E)) = 0.
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