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Star-shaped subsets of R"

(&

<9 Definition. Star-shaped subsets of R"

A subset S C R" is called star-shaped if there exists a point zg € S such that the line

segment between z, and any point z € S

zo+t(z0 — 2), t €[0,1]

is contained in S.

Then zg is called a center of S.
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® convex sets

they are contractible

B Star-shaped subsets of R" are contractible.

Take a center q of the star-shaped subset, then Idy is homotopic to the constant map

cq: x € U — q by the obvious and natural straight-line homotopy:
H(z,t) :=q+t(z - q)

Thus the inclusion {q¢} — U is a homotopy equivalence.

cohomology of differential forms

B For any star-shaped subset U of R”, its de Rham cohomology are >

R k=0
HgR(U):{O E>0

Let U C R”™ be a star-shaped open set with center at 0 € R™. Consider differential forms on
U C R™"! and the homotopy operator

r

< Definition. Homotopy operator from forms on M x I to forms on M

Let M be a smooth manifold with or without boundary and consider the map

M — Mx[0,1]
z — (z,t)

for a fixed t € [0, 1].
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Let (—,s) € M x [0, 1] be the coordinate. We define

h:QF(M x I) — QF1(M)

w— hw
()yi= [ si(ey @a)
t€0,1]
9

which satisfies

Proposition:

Finally with

(t] — ¢0)(w) = h(dw) + d(hw)




let
J:=hoH*:QKU) - Q*1(U)

then we have
H*(a) = a(dH(-), dH(~
I(@) = h(H" () = [

tef0,1]

).
a(dH(%), dH(du(-)),...)
e

(‘]a)(I(wlv"'7wk) = / atq(Qytwl,tWQ,...,twk)
t€[0,1]

(H; — H})(a) = Jda + dJa

Id 0

Thus we have
o=Jda+dJa
which for da = 0 gives
a=d(Ja)

thus we have a anti-derivative for a implying it is exact.
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