
Complement of knots in R3 or S 3

We want to study

Its a 3-manifold.

homology

Let T  be the tubular nbd of K ⊆ S 3 which deformation retracts to S 1 thus

H0(T ) ≅Z,  H1(S 1) ≅Z,  Hk≥2(S 1) = 0

Let X := S 3 ∖ int(T ) then

X ∼ S 3 ∖ K,  X ∩ T ≅S 1 × S 1

and S 3 = X ∪ T .

so this cannot be an invariant :(

linking number

Start with the basis [fi], [ej] for H1(S 3 ∖ Σ) and H1(Σ) such that

β([ei], [fj]) = δij

then

[f −
i ] =∑λij[ej]

and by definition

α([fi], [fj]) = β([f −
i ], [fj]) = λij

Therefore

[α]([f −
i ]) = λij ↔ [f −

i ] =∑λij[ej]

which is the matrix for the Seifert form called the Seifert matrix.

Infinite cyclic cover of S 3 ∖ K
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Let K be a knot in S 3 then the open set

S 3 ∖ K

is called the knot complement.

Hk(S 3 ∖ K) ≅{
Z k = 0, 1
0 k ≥ 2

stem.knots.R3.inv linking

Linking number invariant of links

∐Yi

Linking number invariant of links

In S 3 with two knots K1, K2 (linked) we have

[K2] ∈ π1(S 3 ∖ K1)Ab ≅Z

hence [K2] maps to an integer. The linking number is that integer.

On the infinite cyclic cover 
~

X → S 2 ∖ K1 let 
~

K2 denote the lift of the knot K2 onto 
~

X

and let τ denote the generator of the deck group then

τ n(x0) = K2(1)

where n is the linking number of K1 and K2.

Let Σ1 denote the Seifet surface of K1 such that K2 intersects transversally at every

point in K2 ∩ Σ1 we assign +1, −1 depending on whether it passes from N+ or N−.

Then the sum of these numbers is the linking number.

There is an unique non-degenerate bilinear form

H1(S 3 ∖ Σ) × H1(Σ) → Z

that produces

β([K1], [K2]) = link(K1, K2)

The Sifet matrix

where x− denotes x pushed outward into S 3 ∖ Σ

α : H1(Σ) × H1(Σ) → Z

([x], [y]) ↦ β([x+], [y])

We have the knot complement X := S 3 ∖ K.
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homology

then

Y ′ ∩ Y ′′ =∐Σi

Now we have a pair, Mayer–Vietoris it!

this is short exact that commutes with the action of the ZDeck(
~

X) which is isomorphic to

Z⟨t⟩ ≅Z[t, t−1], hence short exact as a Z[t, t−1]-module.

This gives a exact sequence of Z[t, t−1]-modules

notice

α∗([fi]) =∑Aij[ej] +∑ tAji[ej]

Current note has 0 direct children and 0 total descendants.

And it has 5 siblings.

Let there exist a bicollar neighbourhood of Σ ∖ K in S 3

N : (Σ ∖ K) × (−1, 1) → S 3

and define N + := N((Σ ∖ K) × (−1, 0)) and N − := N((Σ ∖ K) × (0, 1)) with

ϕ : N − → N +

​ Thus we have X = Y
ϕ

Let Yi := S 3 ∖ Σ and hi : Yi → S 3 ∖ Σ be the identity homeomorphism.

​
~

X :=
∐i∈Z Yi

Y ′ :=∐
i∈Z

Y 2i

Y ′′ :=⋃
i∈Z

Y 2i+1

–

–

0 → Ck(Y ′ ∩ Y ′′) → Ck(Y ′) ⊕ Ck(Y ) → Ck(
~

X) → 0

z ↦ (−z, z)

(x, y) ↦ x + y

→ H3(Y ′ ∩ Y ′′) → H3(Y ′) ⊕ H3(Y ) → H3(
~

X) →

→ H2(Y ′ ∩ Y ′′) → H2(Y ′) ⊕ H2(Y ) → H2(
~

X) →

→ H1(Y ′ ∩ Y ′′)

Z[t,t−1]⊗Z2g+n−1

→ H1(Y ′) ⊕ H1(Y ) → H1(
~

X) →

→ H0(Y ′ ∩ Y ′′) → H0(Y ′) ⊕ H0(Y ) → H0(
~

X)



α∗ β∗

β∗ is surjection, so we have

H1(
~

X) ≅Z[t,t−1]
H1

H1
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