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Complement of knots in R? or S3

We want to study

C D

<« Definition. Let K be a knot in S then the open set

S3\ K

is called the knot complement.

& v

Its a 3-manifold.

homology

Let T be the tubular nbd of K C S which deformation retracts to S! thus
Hy(T) > 7, H(S') 2 Z, Hy=5(S') =0
Let X := S3\ int(T) then
X~8\K, XNnTx~8"x§!

and S3 =X UT.

=] . >
3 ~ Z :0,1

so this cannot be an invariant :(

linking number

stem.knots.R3.inv linking

Linking number invariant of links

[1Definition. Linking number invariant of links ]

B In §3 with two knots K1, K, (linked) we have
[KQ] € 7'('1(53 \ Kl)Ab >~ 7
hence [K3] maps to an integer. The linking number is that integer.

& On the infinite cyclic cover X > 52 \ K let K, denote the lift of the knot K5 onto X
and let 7 denote the generator of the deck group then

7"(z0) = K»(1)
where n is the linking number of K; and K.
& Let X denote the Seifet surface of K such that K intersects transversally at every

point in K5 M X1 we assign +1, —1 depending on whether it passes from N, or N_.
Then the sum of these numbers is the linking number.

[y

& There is an unique non-degenerate bilinear form
Hi(S*\ ) x Hy(%) = Z
that produces

B([K1], [K2]) = link(K1, K>)

C D

< Definition. The Sifet matrix

@1 ¢ Hl(E) X Hl(E) — 7
([z], [y]) = B([="], [4))

where z~ denotes = pushed outward into S3\ 2

¢ J

Start with the basis [fi], [e;] for H1(S? \ £) and H;(X) such that

Blleil, [£5]) = di
then

[fi = Z Aijlej]
and by definition

alfi], [fi)) = BUL L [£3)) = X
Therefore
[a] sy =g < [fi ] = Z)\ij[ej]

which is the matrix for the Seifert form called the Seifert matrix.

Infinite cyclic cover of S°\ K

« We have the knot complement X := §3\ K.
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- Let there exist a bicollar neighbourhood of ¥ \ K in $3
N:(Z\K)x(-1,1) = 83

and define N* := N((2\ K) x (-=1,0)) and N~ := N((2\ K) x (0,1)) with
¢: N~ — N*

N~ NT

o Thus we have X = %

e Let Y;:= 83\ ¥ and h; : Y; — S3\ T be the identity homeomorphism.

X — HieZ Yl

homology
YI = H?zl
1€Z
Y” = U?2i+1
1€Z
then

Y'ny”=]]=
Now we have a pair, Mayer—Vietoris it!

0= C(Y'NY") — CrYN®CrY) — Cr(X) —0
z — (—2,2)
(2,9) = Tty

this is short exact that commutes with the action of the ZDeck(X) which is isomorphic to
Z(t) > Z[t,t '], hence short exact as a Z[t,t ']-module.

This gives a exact sequence of Z[t,t~!]-modules

- H;Y'NY") — Hy(Y)eHY) — HX)—
— HyY'nY") — HY)eH(Y) - H(X) -~
- H(Y'nY”") & H(Y')® H(Y) By Hy(X) —
N—————
Z[t7t—1]®Z2g+n—1
— Ho(Y'NnY") — Hy(Y)®H(Y) — HyX)

notice

a([fi]) =D Aijle) + D tAjle)]
» B4 is surjection, so we have

H,
1) H1

Hi(X) 2z,
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