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Locally compact Hausdorff spaces

< Definition. A Hausdorff space is locally compact if every point has a open neighborhood
whose closure is compact.

2.4 Theorem Suppose K is compact and F is closed, in a topological space X.
If F c K, then F is compact.

Proor If {V,} is an open cover of F and W = F*, then W u ( J, V, covers X;
hence there is a finite collection {V,} such that

KcWuV,u-ulV,.
ThenFcV,u---uUlV,. /11

Corollary If A = B and if B has compact closure, so does A.

2.5 Theorem Suppose X is a Hausdorff space, K = X, K is compact, and
p € K. Then there are open sets U and W such that pe U, K =« W, and
UnW=g.

Proor If q € K, the Hausdorff separation axiom implies the existence of dis-
joint open sets U, and V,, such that p € U, and q € V. Since K is compact,
there are points q,, ..., g, € K such that

KcV,u--ulV,.

q1

Our requirements are then satisfied by the sets
U=U,n--nU, and W=V, u--UV,. //]]
Corollaries

(a) Compact subsets of Hausdorff spaces are closed.
(b) If F is closed and K is compact in a Hausdorff space, then F n K is
compact.

Corollary (b) follows from (a) and Theorem 2.4.

[0, co]-measures and positive functions on C,

A locally finite positive Borel measure p on X gives a functional

A:C(X)—k
A(f) =
W=[ s

Thus functional is positive in the sense that if f(X) C (0,1) then (Af)(X) C (0,1)

locFinMes(B x, [0, 00]) — Cc(X)*°

[1]

The converse of this statement is true for a much regular class of measures!

& (Riesz representation of positive functionals on C.) Let X be locally compact >
Hausdorff space and A be a positive linear functional on C.(X). Then there exists a
o-algebra M, in X which contains all Borel sets 25 x in X and there exists a
unique positive measure

M gﬁA — [0, OO]
such that A(f) = [ fdpu for every f € Cc(X), we have

compact K C X — pu(K) < oo
EcMy = p(E)=inf{u(V)|[ECV,Vopen C X}

E open
or — u(E) =sup{u(K)|K C E,K cpt C X}
E e My, pu(E) < 0

and if E € My, AC E,u(E) =0 then A € My.
Thus
Cc(X,R)*Y 2 RieszMes(Bx, [0, 0])

Borel C-measures

= (Riesz representation for Borel C-measures) Let X be a locally compact Hausdorff
space. Then every bounded linear functional

(pCQ(X) — C

is represented by a unique regular complex Borel measure u, that is,
vf € o), () = [ fau
Moreover, the norm of ¢ is the total variation of
lell = [ul(X)
Co(X,C)* =pan. (regMes(Bx, C), | (X))

Borel [0, 1]-measures
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We have continuous maps
evy: Co(X, o)X - C
so the subset of positive functionals

Co(X,C)*>0 .= ﬂ ev;l[O, 0]
f>0

is an intersection of closed sets, so it is closed.

Co(X,C)*? = regMeas(B x, [0, )
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