
Geodesics in a metric space

Therefore, we have

Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,

was created on September 26, 2025 1:17:21 PM,

was last modified on August 20, 2026 7:00:20 PM, and

was exported on September 7, 2026 3:25:05 PM.

Arcs, rays and lines

A path

γ : I(interval) ⊆ R → M

is called if

arc/segment joining p, q ∈ M I = [a, b] and γ(0) = p, γ(1) = q

ray originating at p ∈ M I = [0, ∞) and γ(0) = p

line I = R

Geodesics in a metric space

Let (M, d) be a metric space. A path

γ : I(interval) ⊆ R → M

is called if

minimal geodesic
∀t1, t2 ∈ I, d(γ(t1), γ(t2)) = |t1 − t2|

unit speed (local) geodesic (locally (in 

time) minimal geodesic)

∀t ∈ I there exists a ϵ > 0 such that 

d(γ(t1), γ(t2)) = |t1 − t2|

 for all t1, t2 ∈ (t − ϵ, t + ϵ).

minimal geodesic segments which are isometric embeddings [0,L] → M

minimal geodesic rays which are isometric embeddings [0, ∞) → M

minimal geodesic lines which are isometric embeddings R → M

Geodesic metric spaces

A metric space (M, d) is

a geodesic metric space or is geodesically connected if for every pair of points

p, q ∈ M there exists a minimal geodesic γ : [a, b] → M that joins them

γ(a) = p, γ(b) = q

uniquely geodesic if there is exactly one minimal geodesic joining x to y for each

x, y ∈ M, denoted by xy–

geodesically complete if every minimal geodesic arc γ : [a, b] → M can be extended

to a minimal geodesic line ~γ : R → M.

Geodesic triangles

Let (X, d) be a metric space. A geodesic triangle is a triple

γ1, γ2, γ3 : [0,L1], [0,L2], [0,L3] → X

of geodesic segments

such that

γ1(L1) = γ2(0)

γ2(L2) = γ3(0)

γ3(L3) = γ1(0)
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