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S? and CP!

<« Definition. S?
The 2-sphere S? is the topological space

5% :={(z,y,2) e R®|2® + > + 2* =1}

(. J/

[1]

as a subset of R3

B (Borsuk-Ulam theorem) Let f: S? — R? be a continuous function. Then there exists
a z € §? such that

f(z) = f(-=)

smooth manifold S?

- 82 is the unique simply connected connected smooth 2-manifold up to diffeomorphism
apart from R2.
« S2 is orientable.

« §? is the unique orientable genus 0 connected smooth 2-manifold.

o | The vector bundle

TS?

l

52
is not trivial by

B (Cannot comb a hairy 2-sphere) Every continuous tangent vector field on S?
has a zero.

« Therefore, S? does not admit a Lie group structure.
° By

& Let a compact Lie group G act smoothly, faithfully on a connected smooth
manifold M. Then

dim G < %dimM(dimM—i— 1)

this 3 is the largest dimension of a compact Lie group that can act on S2, which is
attained by the SO(3,R) ~ S2.

Riemannian manifold (52, (,) )

< Definition. Round metric on S2

The round metric (,) g2 on S? is the pullback of the flat metric (,) on R® through the
inclusion §2 — R3.

\ J/

Riemann surface CP!

The complex 2-manifold CP! is the unique one which is homeomorphic/diffeomorphic to S2.

s N

<« Definition. Mobius transformations on CP*!

The action SL(2)(C) on C? descends to the action of PSL(2)(C) acts on CP! by

Mobius transformations
PSL(2)(C) ~ CP! 2oy S? 2 C U {0}

M} az+b
cz+d

z |

\ <

conformal manifold S?
07" (1,3)(R) = Moeb(S?) ~ §2
as the conformal boundary of RH3
symplectic manifold (S?, \g>)
The symplectic manifold (§2, Ag2) is a non-exact homogeneous symplectic manifold.

« It is the coadjoint orbit of SO(3)(R).
Kahler manifold (CP?,(,) s + i)g2)
as a real algebraic curve
as universal covering of RP?
as the quotient of U(1) ~ §° C C?
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