
A holomorphic map branched over Q

Let Ω := C ∖ {0} and B := { 1
n

∣ n ∈ Z>0} so set of limit points of B is {0} which is

outside Ω. Now consider an enumeration (qn) of Q and the polynomials

P 1
n

(z) := qn +
1

2
z2

By

there exists a holomorphic function

f : C ∖ {0} → C

such that

f (
1

n
) = qn

the Taylor series of f at 1
n
 is P 1

n
(z − 1

n
).

So in particular

Thus we observe every point of

Q ⊆ f(C ∖ {0})

is a branch point of f [1]

[2]
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Let Ω be a open subset of C and B ⊆ Ω with no limit points in Ω. For each b ∈ B

let Pb ∈ C[z] be a polynomial. Then there is a holomorphic function

f : Ω → C

such that the truncated (first few terms of the) Taylor series of f at b matches the

polynomial Pb, that is

∑
k≤deg Pb

f (k)(b)(z − b)k

k!
= Pb(z − b)

for each b ∈ B.

f ′ (
1

n
) = 0, f ′′ (

1

n
) = 1
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A holomorphic map branched over Q

1. Branch points and ramification index of holomorphic functions

Let Ω ⊆ C be a connected open set and

f : Ω → C

be a non-constant holomorphic function. Then zeros of f ′, that is, (f ′)−1(0) are the

set of critical points of f and in particular this set has no limit points in Ω as f is

holomorphic.
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↩︎

The ramification index of f is equivalently

If the ramification index at z0 is greater than 1 then z0 is called a ramification point

of f, the critical value f(z0) is called an (algebraic) branch point of f.

Around a small disk B(z0, r) of such a zero point z0 ∈ (f ′)−1(0) which does not

contain any other zeros, we have the winding number of the curve f(γ)

order of the zero z0 of f ′

2. https://mathoverflow.net/a/60681↩︎

https://mathoverflow.net/a/60681
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