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Functions on S! with absolutely converging Fourier
series, [1(S1)
The Fourier summation/inversion
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« is well-defined because the trigonometric series uniformly converges
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« is continuous again because of the above inequality
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and also has the operator norm < 1.

» has operator norm =1 as
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and both are of norm 1.

We call the image

< Definition. The Weiner algebra on the circle

(s = {fecsh | fel(z)}

The Fourier transform and Fourier summation above are inverses

(1(Z), 1 111) Zropvece (I(S™), 111l o)
but we may put push the norm on !, then
(I4(Z), 11'111) Zane (I1(SY), 11111)
C%(SY) c I'(Sh)
- Let f € C?(S!) or more generally, f € C*[0,1] with ' € L'[0,1] and

£(0) = f(1), (0) = f'(1).

o From

- Let f € CA[0,1] so that its differentiable almost everyehere and f' € L[0, 1].
» Then for all n € Z \ {0} we have
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- If £(0) = (1), that is, f € CA(S'), then for all n € Z \ {0} we have

fi(n) = (2mi)nf(n)

we know

« Further, by
- For f € L'[0,1], the Fourier coefficients of f

is bounded
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« Thus Fourier summation of f converges absolutely.
C1(SY) ¢ IY(SY)

- Let f € C[0,1] with f' € L'[0,1] and

£(0) = f(1)
» Consider
PQIENVOIEEDY (lnl \M )
neEZ neZ\{0}
< |f(0)| +\/Z #\/Z\wf(n)f
» From

o Let f € CA[0,1] so that its differentiable almost everyehere and f' € L'[0, 1].
» Then for all n € Z \ {0} we have

~
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- If £(0) = f(1), that is, f € CA(S?), then for all n € Z \ {0} we have

fi(n) = (2mi)nf(n)

we know

~

f'(n) = (2min)*f(n)

oBy

,

B (Parseval's and Riesz-Fischer theorems) Let f € L?[0,1]. Then the >
partial Fourier summation converges to f almost everywhere and in L?

SNfAH—oo>f ae and L?

and the Fourier transform is a C-linear bijection

R LZ[O, 1] = Hilb lz(Z,(C)

which satisfies || f||, = Hsz (is an isometry).

-

we know
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o Therefore,

> [fm] < Jit0) +\/§ﬁ > o]
<|#0) +\/?\ 7,
- In general,
c*(8Y) c I'(sY)
for a > 3
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o Fourier transform of measurable subsets

» Unsharpness principles
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